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2ABSTRACT
This thesis is concerned with the estimation of the non­
linear parameters in statistical models consisting of a linear 
combination of exponential terms and an error term from series 
of observations taken at equi-spaced intervals«
For such models, with normally and independently distributed 
errors the maximum likelihood and the least squares equations 
are complicated and soluble only by iteration«. These compli­
cations increase with the number of the non-linear parameters» 
Some previous work has been done by Patterson and Taylor on 
estimating the non-linear parameter for the one-exponential 
regression equation and by Cornell on estimating the non-linear 
parameters for k exponentials, by means of a direct approach«,
The present contribution is a continuation of this work«,
In chapter 1 we discuss the possibility of reducing the 
number of the maximum likelihood equations to a set of equations 
involving the non-linear parameters only, and then solving these 
equations by the Hewton-Raphson method«, We also suggest an 
alternative procedure for solving the maximum likelihood 
equation of the one-exponential-term model» Two numerical 
examples are introduced for illustration«
In chapter 2 we propose a new general method for estimating 
the non-linear parameters of k exponentials« It is shown that 
the estimators are consistent« Asymptotic formulae for the
3bias and the variance for the estimator of the non-linear 
parameter and confidence limits for the parameter are 
deduced in the case of the two particular models
y i  ~ ftp1 + e ± > 
y i  =  a  +  (3p 1  +  e i  ®
The estimator used is a ratio of linear combinations of the 
observations. In order to examine its exact sampling 
distribution we deduce the formula for the probability 
density function of the ratio of two normal variates» The 
form of the frequency curve is illustrated by a series of 
numerical examples®
Chapter 3 shows the applications of the method to a 
number of cases. The closeness of fit to the observations 
and the accuracy of the estimates are compared with the 
estimates given by Cornell's general method. Also a brief 
comparison is made with Patterson's and Taylor's estimatoi’s 
of the non-linear parameter of the one-exponential regi»ession 
curve®
In chapter k we discuss the method of minimum deviations 
and its applications to the non-linear models®
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CHAPTER 1
7
INERATIVE PROCEDURE POR SOLVING- THE MAXIMUM
LIKELIHOOD EQUATIONS
1.1 * Introduction
The models we are concerned with have the Dorms
E (l.i)
and
y± - a + (1 . 2 )
3
where e^ are assumed to he independently and normally distributed
parameters are assumed to satisfy the conditions that either 
0 < p < 1 or p. > 1, Æ. > 0 for (l.l), and (3 4 0? a > 0 for
J  J  cl
Particular models of (l.l) and (1.2) have applications in 
many fields of biology, biometry, economics and the physical 
sciences, where the data would be well described by single or 
mixed exponential functions.
Because of the normality assumption for the error terms 
e^s the Least Squares and the Maximum Likelihood methods give 
the same results for the estimators of the unknown parameters 
and these estimators are well-known for their asymptotically 
optimal properties• However, for the non-linear models above,
2with zero means and constant variances <r , and the non-linear
(1 . 2 )
application of these methods result in equations which are in 
general soluble only by iteration, i.e. we have to start with 
initial estimates and solve the equations by successive approxi­
mations « These complications are obviously caused by the non­
linear parameters p since if they were known the linear 
parameters could be estimated from a linear regression of y. on
p 5 *
In recent years, investigations have been made by several 
authors ( (9) ? (13), OA) ) to find a simple and direct procedure 
for estimating the non-linear parameter in the particular model
x.
y^ s  a + (3 p + e i  (0  < p < l )  ( 1 . 3 )
which is used, for example, to describe the yield of a crop 
subject to an amount x of fertilizer, and is called Mitscherlich1s 
equation and sometimes the exponential regression» In Chapter 2 
we give a brief survey of some of the work done on equation (1 .3)» 
The methods discussed throughout the thesis assume that the data
is taken at equally spaced values of x, so for simplicity we
i xireplace x^ by i and write p instead of p *
In (3D), tables have been published facilitating the fitting
of (l*3) "by* the method originally devised by W»L*Stevens (1951)?
for the ranges n = 5(l)30 and rQ « 0.10(0.01)0.90, where rQ is
a first estimate of p» However, these tabulations are restricted
to two decimal places in the values of r, and which therefore are
of no use if higher accuracy in the approximations is required»
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Imfhe following sections we consider how this higher accuracy 
may he achieved,
1,2 o The maximum likelihood method,
Firstly* consider the general model of the form (l#l), 
which becomes
Because the e^1s are assumed to he independently distributed 
according to the normal law* the maximum likelihood and the 
least squares principles give the same result since maximizing 
the likelihood function corresponds to minimizing the sum of 
squares of deviations. Now* if we put
3 = 1
r e s p ^ “tr ( -? «  t  o  o y jû  o f
Writing
the system (l®U) become
1 0
1
0 o o o b A k
f l 0 0 0 6 0 0 0 0 ^ » 9 0 Q
•k
and %
Y
1 ^1 11 q a q O
~  W k  =
“  ^ k ^ l k  =
0
0
0
(A)
*Y.k
• Q 9 4 0 0 Q O 0 O 0 O O O
^ 1  j . k  *** 9 9 0 4  *"* "b i-^
(B)
k kk
Instead of carrying out the iterative procedure on all the 
parameters we can eliminate the linear parameters b^ and be 
left with the non-linear parameters r . and by so doing we will
d
obtain k equations in k unknowns and conseqiiently the task of
labour will be reduced by half« After the r.fs have been
J
obtained we can substitute for the r.,fs and obtain the b.’s.3 3
since the latter are functions of r^.
The ordinary way of obtaining the k equations in the. r.*s
J
only is to obtain the b ^ s  from (A) as functions of the r.fs
J 3
and then substitute in (B), For more than two exponential 
terms this procedure is rather tedious and complicated, A simple 
and direct way which leads us to the k equations in the r.'s only
J
is as follows: Put B = (b1 ?a,0o*b^) and B = (l,B)a By taking 
the whole set of equations (A) and one of the set of equations 
(B) at a time* we get
M jB  =  0  * (1.5)
where M (j = l?2,*„,,k) is a square matrix of order k + 1 whose
and whose (k + l)th row is
•I# *U«i* «•? V  %
\Y A  * *“  o o o • * ™* o
The necessary and sufficient condition for (1.5) to have a non-
* itrivial solution B ^ 0, is that the determinant of must he 
equal to zero* i.e. we must have |M^ | = 0. Therefore the k 
equations in the r.fs will he the set
d
JM . | = 0  (3 =s 1*2*..,,k)
J
from which we determine the r^s. By substituting the values
of the r.fs in (A) vire then obtain the values of the b.?s0 
J 3
For Illustration* consider the model with two exponential
terms
^ *
7 ±  =  ^ j_ P q  ^ 2 ^ 2  ^  ^ i  *
Here the maximum likelihood equations
( w )  = 0 and ( i f : )  = 0 » (J = x»2)
0 3 f i r ' s
P r T i
1 1
are
Y 1  “  * 1 * 1 1  b 2 R 1 2  “  0
Y 2  “  ^ 1 ^ 1 2  ~  b 2 R 2 2  °
and
$
Y 1  “  ~  ^ 2 ^ . 2  =
0
Y 2  “  **1 ^ 1 2  ~  ^ 2 ^ 2 2  “  0  
and the equations )M.| a 0 * (3 = 1,2) ared
1 2
a n d
Y 1
-  R 1 1 R 1 2
Y 2 “  R1 2 -  r 2 2
* * $
Y 1 R l l R1 2
Y 1 “  **11 R1 2
Y 2 R1 2 R2 2
*
Y2 ~  R 1 2
V
R2 2
0
F o r  t h e  g e n e r a l  m o d e l
k
y . a  4* ' V j  +  e .
3 = 1
w e  f o l l o w  t h e  s a m e  p r o c e d u r e  * H e r e  t h e  n u m b e r  o f  e q u a t i o n s  o f  
t h e  s y s t e m  ( A )  w i l l  h e  k  + 1  d u e  t o  t h e  a d d i t i o n a l  p a r a m e t e r  a ,  
w h i l e  t h e  n u m b e r  o f  e q u a t i o n s  ( b )  r e m a i n s  t h e  s a m e Q A l s o  t h e  
n u m b e r  o f  t e r m s  i n  e a c h  e q u a t i o n  o f  ( a )  a n d  ( b )  w i l l  i n c r e a s e  
b y  o n e ,  s o  t h e  d e t e r m i n a n t  ] M . [  w i l l  b e  o f  o r d e r  k  +  2„
fJ
1*3«* A  n o t e  o n  t h e  i t e r a t i o n  p r o c e d u r e  f o r  e s t i m a t i n g  
t h e  n o n - l i n e a r  p a r a m e t e r  o f  t h e  o n e
t e r m  m o d e l » 
F o r  t h e  m o d e l
y ; , 6 p  +  e . i  =  1 * 29 9 n
w e  s e e  a t  o n c e  f r o m  t h e  p r e v i o u s  s e c t i o n  t h a t  t h e  m a x i m u m
l i k e l i h o o d  e q u a t i o n  i n  r  o n l y  i s
n  n  n  n
Y  y i r i  y  ij?2x ~ Y  i y i r l  v 1 ,2 1 = °
i i  i i
W r i t i n g  n
Ox  =  V  i i - 2 1  a n d  C g  =  V  r 2 x
L u  L - j
1  1
t h i s  e q u a t i o n  b e c o m e s
y l ^ C l ~ C 2 ^ +  r y 2 ^Gl ” 2 C 2  ^ +  * * ’ +  1 , 1 1 - 1  y n ^ C l " n C 2  ^ =  0  C1 * 6 )
g i v i n g
( C i “ C 2 ) ( y i + r y 2 + . . + r n _ l y n ) =  C 2 ( y 2 + 2 r y 3 + „ „ + ( n - l ) r n “ 2 y n ) r ,  
w h e n c e
( C l - C 2 ) ( y i + r y 2 + .
13
C2 ( y 2 + 2 r y 3 + . . + ( n - l ) r n  2 y n)
n
( C i / C 2 - 1 ) \  y ^ 1 - 1
L /
1
n - 1
i - 1
^ i ^ l r  
1
I f  t h i s  l a s t  e q u a t i o n  i s  r e p l a c e d  b y  t h e  i t e r a t i v e  f o r m u l a
r . + i  =  f ( r 3 ) ,  ( 1 . 7 )
t h e n *  a s s u m i n g  a n  I n i t i a l  v a l u e  r Q w e  c a n  b y  c a l c u l a t i o n  
d e t e r m i n e  a  s e q u e n c e  o f  v a l u e s  • A  n e c e s s a r y
a n d  s u f f i c i e n t  c o n d i t i o n  t h a t  t h i s  s e q u e n c e  c o n v e r g e s  t o  t h e
I k
r e q u i r e d  r o o t  f o r  a n y  s t a r t i n g  v a l u e  r Q i n  a  s u f f i c i e n t l y  
s m a l l  n e i g h b o u r h o o d  o f  t h e  r o o t  i s  t h a t  j f ! ( r ) |  < 1  i n  t h a t  
n e i g h b o u r h o o d .  I f  w e  a p p r o x i m a t e  f ( r )  b y  a  s t r a i g h t  l i n e  i n  
t h i s  n e i g h b o u r h o o d *  t h i s  c o n d i t i o n  c a n  b e  i n t e r p r e t e d  
g e o m e t r i c a l l y  f r o m  t h e  f i g u r e s  b e l o w .  We s e e  t h a t  t h e  s e q u e n c e  
o f  v a l u e s  d i v e r g e  f r o m  t h e  r e q u i r e d  r o o t  i n  c a s e s
( a )  a n d  ( b ) ,  w h i l e  t h e y  c o n v e r g e  i n  ( c )  a n d  ( d ) .
T o  e x a m i n e  w h i c h  o f  t h e s e  c o n d i t i o n s  h o l d  w h e n  f ( r )  h a s  
t h e  f o r m
n
i ~ l
l y i + l r
9
i - 1
w e  h a v e
n  _n yi n  n
)  \  r 2 i \  Z i 2 ? 2 1 " 1  -  V i r 2 1  \  '  Z i r 2 1 " 1L
f T ( r )
1  ’ ( I / 2 1 ) 2 1  
1  1
n  n ~ l  n  n  n - 1
^ } p 2 1  \  g w 1 - 1
i  1  i  2  l  ~ £ /
n
, 2 i
n - 1  o
—  i - l \ ^
¿r /  v
1  '  1
g i v i n g *  u s i n g  L f H o p i t a l ? s  r u l e *
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-  2
A l s o , y 2
f i r 21“2n f y . r 1"»
l i m  í L Í Z i  =5 l i m  ( - » ~ ™ — ~  -  i
P—too P—5- oo ' 2i ~ 2n  .
> i y i + i r
n
( n - l )
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I n  t h e  u s u a l  p r a c t i c a l  c a s e  w h e n  t h e  o b s e r v a t i o n s  a r e  
a l l  o f  t h e  s a m e  s i g n ,  t h e  s e q u e n c e  ? 0 0 0 0 9
y n ( C l - n C 2 ) ^ a s  o n e  a n ( i  o n l 5 r  o n e  s i&'n  c h a n g e  w h a t e v e r  r e a l  v a l u e  
b e  a s s i g n e d  t o  r ,  a n d  s o ,  b y  D e s c a r t e s  * r u l e  o f  s i g n s ,  e q u a t i o n  
( 1 * 6 ) ,  r e g a r d e d  a s  a  p o l y n o m i a l  e q u a t i o n  i n  r ,  w i t h  c o e f f i c i e n t s  
g i v e n  b y  t h e  t e r m s  o f  t h i s  s e q u e n c e ,  h a s  a t  m o s t  o n e  p o s i t i v e  
r o o t .
T h e s e  c o n s i d e r a t i o n s  i m p l y  t h a t  t h e  g r a p h  o f  f ( r )  c a n  
o n l y  c r o s s  t h e  s t r a i g h t  l i n e  r  o n c e ,  a n d  t h i s  i t  d o e s  f r o m  
u n d e r n e a t h  a s  s h o w n  i n  t h e  f i g u r e ,  t h e  i n t e r s e c t i o n  g i v i n g  t h e  
v a l u e  o f  t h e  m a x i m u m  l i k e l i h o o d  e s t i m a t o r  r ,  w i t h  f ! ( r )  > l „  
H e n c e  t h e  f u n c t i o n  f ( r )  b e l o n g s  t o  t y p e  ( b ) ,  a n d  t h e  p r o ­
c e d u r e  o f  o b t a i n i n g  t h e  r e q u i r e d  r o o t  f r o m  t h e  s e q u e n c e  o f  
i t e r a t e s  i s  n o t  p o s s i b l e .  T h e r e f o r e  w e  s u g g e s t
t h e  f o l l o w i n g  p r o c e d u r e s
We n o t e  t h a t  f ( r ) < r  f o r  r < r  a n d  f ( r ) > r  f o r  r > r .
S t a r t i n g  w i t h  a n  i n i t i a l  e s t i m a t e  r  , "by e q u a t i o n  ( 1 . 7 )  o b t a i n  
r ^ *  w h e r e
r l  =  f ^ o ) *
T h e n  r n > r o r  r n < r  a c c o r d i n g  a s  r  > r  o r  r  < r  _l o jl o  o  o
r e s p e c t i v e l y « ,  N ow  p u t
K  -  p 0 i «  n
a n d  o b t a i n
r2 = t ( r Q -  h )
w h e n  r n > r  , a n d  
1  o *
r 2 =  f ( r o  + h ')
w h e n  r ^  < r  . S i n c e  t h i s  p r o c e d u r e  a l w a y s  s h i f t s  t h e  i n i t i a l
e s t i m a t e  r Q t o w a r d s  t h e  u n k n o w n  r o o t  r?  we  m a y  t h e r e f o r e
r e p e a t  t h e  p r o c e s s  a s  o f t e n  a s  n e c e s s a r y  u n t i l  t h e  c o n s e c u t i v e
v a l u e s  r  , r  i  h  a r e  o n  e i t h e r  s i d e  o f  t h e  r o o t ,  a s  d e t e r m i n e d  o  o
b y
r ^  > r Q a n d  r ^  < r Q -  h  
o r  r ^  < r Q a n d  r 2 > r Q +  h
a s  t h e  c a s e  m a y  b e -  T h e  r e q u i r e d  r o o t  r  m a y  t h e n  b e  e s t i m a t e d  
b y  i n v e r s e  i n t e r p o l a t i o n  b e t w e e n  t h e  t w o  p a i r s  o f  v a l u e s  
( r Q , £ ( r 0 ) ) a n d .  ( r Q ±  h ,  f ( r Q ±  h )  )
p r o v i d e d  t h a t  ) r ^  -  r ^  | i s  r e a s o n a b l y  s m a l l -  T h e  n e w  v a l u e ,
V y  s a y ,  c a n  b e  c h e c k e d  b y  c a l c u l a t i n g  | r ^  -  f  ( r ^ )  | «>
1 8
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I f  i t  i s  s u f f i c i e n t l y  s m a l l ,  t h e  v a l u e  i s  t h e n  t h e  m a x i m u m  
l i k e l i h o o d  e s t i m a t e ;  o t h e r w i s e  w e  c a n  o b t a i n  a n o t h e r  v a l u e  
s a y *  b y  d i v i d e d - d i f f e r e n c e  i n t e r p o l a t i o n  b a s e d  o n  t h e  
v a l u e s
( r 0 > : f ( r 0 ) ^  ,  ( r 0 ± i i , : f  ( r Q± h ) ^  a n d
u s i n g  N e w t o n f s  f o r m u l a  f o r  u n e q u a l  i n t e r v a l s  o f  t h e  a r g u m e n t « ,  
T h i s  f o r m u l a  m a y  b e  w r i t t e n ;
f ( x )  =  f ( a 0 ) +  ( x - a Q ) f  ( a i : , a 0 )
+  ( x - a 0 ) ( x - a 1 ) f ( a 2 , a i s a 0 )
0 o O 0
+  ( a q ) ( X “ a ^ ) o o » ( x  a ^ ^ ) f  ( 5 »« j S q )  ( 1 * 8 )
w h e r e
W V L ’ ~ i
- \ f ( a i + l ) "  f ( a i )  . . .  f ( a ^ , a ^ ;  ~ ■ ■   —  — 5 i  = 0 , l , B* , , n - l
a . -  a ,
l + l  i
f  (a^ ,a .^  5 ® * ? &q) = ’ "JUU~*
a n  “  a 0
a r e  t h e  d i v i d e d  d i f f e r e n c e s  o f  t h e  f i r s t ,  s e c o n d ,  *.*<> a n d  
n t h  o r d e r  r e s p e c t i v e l y ,  a n d  f ( a Q ) , o * , f ( a  ) a r e  k n o w n  v a l u e s
2 0
l . l u  T h e  N e w t o n - R a n h s o n  m e t h o d »
I f  t h e  r o o t  o f  t h e  e q u a t i o n  f ( x )  =  0  i s  a ,  t h e n  a  
m a y  h e  o b t a i n e d  b y  s u c c e s s i v e  a p p r o x i m a t i o n s  u s i n g  t h e  R e w t o n -  
R a p h s o n  m e t h o d :
' i + l  -  “ i
j .  ■ v a  - 
l
&i* , **1 Cl  ^ *“  (^t a^wirca*ss* ^  m™. 0  A 1  5 ft Q p o
w h e r e  a.^ i s  a n  i n i t i a l  e s t i m a t e  a n d  a ^ ? a 2 ? « # . a r e  t h e  i m p r o v e d  
v a l u e s  t e n d i n g  t o  t h e  r e q u i r e d  r o o t  a »  . A p p l y i n g  t h i s  f o r m u l a  
t o  t h e  m a x i m u m  l i k e l i h o o d  e q u a t i o n  ( 1 * 6 ) ,  t h e  s u c c e s s i v e  
e s t i m a t e s  a r e
& #
( Y R  -  Y R ) r  
r  =  r>. +  — — m,
1 + x  YR + YR -  2Y R
( 1 . 9 )
a n d  i f  w e  r e p l a c e  f f ( a ^ )  b y  E ( f ? ( a ^ ) )  w e  o b t a i n
YR -  Y R
r i + l  =  r i  +  : w (1 .10)
1 ^  \  V 2  2 i  \  ’. 2  i  Jai K.
w h e r e  R  =  \  i  r  f Y  =  \  l  y ^ r  a n d  Y 9T ^ R ^ R  a r e  a s  d e f i n e d  
i  i
i n  s e c t i o n  1 . 2 «
T h e  a d v a n t a g e s  o f  u s i n g  t h e  p r o c e d u r e  o f  s e c t i o n  
1 . 3  f o r  d e t e r m i n i n g  t h e  m a x i m u m  l i k e l i h o o d  e s t i m a t e  a r e
( i )  E q u a t i o n  ( l „ 7 )  i n v o l v e  f e w e r  s u m s  t o  c a l c u l a t e  t h a n  
e q u a t i o n  ( l * 9 )  a n d  ( 1 * 1 0 ) »
( i i )  A b o u t  t h r e e  r o u n d s  o f  c a l c u l a t i o n  a r e  s u f f i c i e n t  t o  
d e t e r m i n e  t h e  r e q u i r e d  r o o t .
I t  i s  v i r o r t h w h i l e  t o  o u t l i n e  a n  e a s i e r  a n d  q u i c k e r
b e  o b t a i n e d  b y  r e c u r r e n c e  a n d  R * R * R  b y  d i r e c t  s u m m a t i o n *  a s  
f o l l o w s
n
\ , r V '  i  2  n
1 . )  Y  = \  y ^ r  =  y ^ r  + y g r  +  . . .  +  y n r
i = l
= r  ( y - j+ r  ( y g+ „ . .  + r  ( Y n _ 1 + r y n ) ) . . . ) .
N ot/  i f  w e  p u t  a ^  =  y-^* w e  c a n  c a l c u l a t e  i n  s u c c e s s i o n
n - 1
a n d  t h e n
n
2.)
1=1
a n d  D ( Y )  =  D ( r a n )
I f  w e  p u t  A 1  -  w e  c a n  c a l c u l a t e  i n  s u c c e s s i o n *  c o n t e m p o r -
Li + 1
i + 1  ^  i  ^  i + 1
a n d  t h e n
2 2
a n e o u s l y  w i  t h  a n. , -, *
A_. , i  — rA.» 4* a_. . -i 9 i ^ l * e © o *  n —1
Y »  r A n
3 ° )  ?  «  ^ i V 1 ~  r  ò r  ”
i « l
=  r D ( r A  )n*
a  r ( A n + r D ( A n ) )
»  r ( A n + r D ( r A n __1 + a n ) )  
a  r ( A n + r A n _ 1 + r 2 D ( A n _ 1 ) +  r D ( a n ) )
=  r ( A n + r A n _ 1 + r 2 Ai l _ 2 + r 3 D (A n _ 2 ) +  r D ( a n ) + r 2 D ( a n _ l ) }
O „  -i
=  r ( A  + r J L  n + r  A ^  0 + » 0 <■ <> +  r  “* A n )N n n - 1  n —2  x '
+ r  ( r D ( a  ) +  ^ ^ ( a  ^ )  +  +  r n '~‘**D(a2 ) ) •
N ov/ r D ( a n ) +  p 2 l ) ( a n _ i )  +  « » » « +  r ^ ^ D C a g )
«  r a ^  +  2 r 2 D ( a n r a l ) +  r ^ D ( a n _ 2 ) + • • •  +  r n w l D ( a 2 )
~ pan „ i  + 2 r2 a n~2 + -^ r ^an -3  + 0 0 0 + ( n - l ) r nt“ 1 a1
, 2 3 n -1
=  r a ^  -, +  r  a ^  0  +  r  a ^  -, +  o « « + r  a*, n - x  i i ’- t d  n — j  l
2 3 n -1
+ r  a ^  o + r  a  -, + „ , » +  r  a nn -2  n - 3 1
+ O O O Ö O O O Ö O O Ö Q
a l
n - 1
23
=  P A  +  P  A  0  +  „ o o O o
n - 1  n - 2
n - l A + r  A
H e n c e
n  n - 1 1 * v**n -2  • • • • ■ *  ^"2 ' 1
W i t h  C-, = An o w e  c a n  c a l c u l a t e  i n  s u c c e s s i o n
Y ~  p ( A ^ + 2 r ( A ^ _ n + p ( A ^ _ 0 + 0 «, o + r ( A Q+ r A - l ) o e o o ) ) )  
1  -  ~ 1 *
C i + 1  = A i + 1  + r 0  ^ ( i = l , 2 , « o* 5n - 2 ) ,
a n d  t h e n =  r ( A n + 2 r C n _ 1 ) ,
o r ,  e q u i v a l e n t l y  C h + 1  =  r C ^  4- * i = l , 2 , . „ .  , n - l
a n d  t h e n
•**
Y ss r ( C  + r C  _ )  
v n  n - l /
n
h . )  R  =  \  r 2 i  P 2 ( l - r 2 n '  '
1 - r
1
n
5 . )  R  =
l r 2 i  =  r 2  dR,
j  d r '
=  r f ( l - r 2 ) ( l - ( r H - l ) r 2 n ) + r 2 ( l - r 2 n ) l  
( 1 - r 2 ) 2  ^
r 2  ( 1 - r 2 ) ( l - r 2 n ) - n  ( 1 - r 2 ) r 2 n + 2 + r [|- ( l - r 2 n )
2\2
1 - r 1 - r
2 k
_ n
r  Y " \ * 2  v>2jL 2b*  k  =s \  1  r  -  r
L -j  d r
1
_  2  _ a _  f  R  _  n  r 2 n + 2  ]
6 r 2  ^  1 - r 2  1 - r 2
_  r 2  f l - l - r . 2 ) ( a R / d r 2  -  n ( n ± l ) r 2 n ), +  ( R - r .  r 2 n + 2 ) ~l 
L ( 1 - r 2 ) 2  J
=  JL +   ¿ B —  _  n _ r 2 n + 2 ( . r 2 + ( n + l ) ( l ~ r 2 ) )
1 - r 2  ( 1 - r 2 ) 2  ( 1 - r 2 ) 2
_  R ( l + r 2 ) n  r 2 n * 2 ( l + r 2 ) _  n ( n + l )  r 2 n + 2
“  / „  2 \ 2  “  /n  2 \ 2  2  
( 1 - r  ;  ( 1 - r  ) 1 - r
-i^ .2  ( i  -v»2  n / *1 2 n + 2  /-, 2  \  / \  2n>f2r  ( 1 + r  ) ( l - r  ) _  n  r  ( 1 + r  ) _  n ( n + l ) r
f-\ •v*2 ''^3 / i  2 \ 2  2( 1 - r  ( 1 - r  ) 1 - r
l * 5 o A p p l i c a t i o n s  
We i n t r o d u c e  t w o  n u m e r i c a l  e x a m p l e s  t o  s h o w  t h e  
o p e r a t i o n  o f  d e t e r m i n i n g  t h e  m a x i m u m  l i k e l i h o o d  e s t i m a t e  b y  
t h e  p r o c e d u r e s  o f  s e c t i o n s  1 , 3 «  a n d  1<>4°
E x a m p l e  ( 1 , 5 . 1 )  T h e  d a t a  i n  t h e  t a b l e  b e l o w  d e s c r i b e  t h e  t o t a l  
c o n s u m p t i o n  o f  G a s o l i n e  a n d  K e r o s e n e  i n  C h i l e 0 T h e  o b s e r v e d
v a l u e s  y ^  a r e  t a k e n  a t  e q u a l l y  s p a c e d  t i m e  i n t e r v a l s  o f  o n e  
y e a r  f r o m  1 9 4 1  t o  I 9 6 0 *
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-a^aua-iJj— ay;
«1
-v ocn « ra y.g^ szjgrysiMr;
191+1 2 3 4 5 6 7 8 9 1 0
y i 11+ 1 8 1 5 1 7 19 26 3 3 3 8 1+3 5 k
i 1 1 1 2 1 3 11+ 15 1 6 1 7 1 8 19 2 0
* i 7 1 9 7 1 3 7 176 2 1 1 2 0 8 2 1 6 2 3 7 2 ^ 8 2 6 5
m o d e l  w h i c h w e f i t  t o t h e d a t a i s
y i »  /Sp1 + e i i —  1  ¡f 0 0 »  5,20
*
B y  t h e  m e t h o d  d e s c r i b e d  i n  C h a p t e r  2  t h e  e s t i m a t o r  r  o f  p  i s  
d e f i n e d  b y
20 19 
* = r* i/f ) y.
2  1  
=  ( 2 13 1 ) / ( i s s o )
=  1 . 1 3 l l -
C o n s i d e r i n g  t h i s  a s  a n  i n i t i a l  e s t i m a t e  T q  =  1 . 1 3 U ?  b y  s e c t i o n  
1 . 3 «  w e  s u b s t i t u t e  T q  =  1 . 13 U i n  e q u a t i o n  ( 1 . 7 ) a n d  o b t a i n
r i  = f  <r 0>
=  1 . 1 2 1 »
S i n c e  < F q  t h e  m a x i m u m  l i k e l i h o o d  e s t i m a t e  i s  g r e a t e r  t h a n  
T q 9 a n d  w e  o b t a i n
S u b s t i t u t i n g
h -  i r i  ”  r 0 ‘ ~ ° °0 1 3 '
Vq + h = 1.11+7
2 6
r 2 = f ( V h)
=  1 . 11+7002.
T h u s  t o  a n  a c c u r a c y  o f  a t  l e a s t  3  d e c i m a l  p l a c e s  r ^  =  1 . 1 4 7  
i s  t h e  m a x i m u m  l i k e l i h o o d  e s t i m a t e « ,
B y  t h e  m e t h o d  o f  s e c t i o n  1 . 4 ?  w e  h a v e  t h e  r e s u l t s  g i v e n  
i n  t h e  f o l l o w i n g  t a b l e .  T h e  c a l c u l a t i o n  h a s  b e e n  d o n e  o n  a n  
I . C * T o  S i r i u s  C o m p u t e r  i n  S i r i u s  a u t o c o d e .
i n  ( 1 . 7)  w e  o b t a i n
E q u a t i o n i I m p r o v e d  V a l u e s
1 1 . 1 5 7 0 6 7 9
2 1 . 1 1 + 9 8 3 1 5
( 1 . 9 ) 3 1 . 1 1 + 7 3 9 8 9
1+ 1 . 1 1 + 7 1 5 9 0
5 I . I I +71569
1 1 . 1 5 2 7 6 3 7
2 1 . 1 1 + 6 5 0 5 7
( 1  ~LQ) 3 1 . 1 1 + 7 2 9 9 2y X $ J.U J
k 1 . 1 1 + 7 1 2 7 8
5 1 . 1 1 + 7 1 6 2 5
T h e  v a l u e  1 . 1 4 7  f o r  t h e  m a x i m u m  l i k e l i h o o d  e s t i m a t e  h a s  b e e n  
o b t a i n e d  s u b j e c t  t o  t h e  c o n d i t i o n  t h a t  t h e  c o r r e c t i o n  t e r m  
( t h e  s e c o n d  t e r m  i n  t h e  r i g h t  s i d e s  o f  ( 1 . 9 )  a n d  ( 1 . 1 0 )  i s  
l e s s  t h a n  0 . 0 0 0 1 . )
T h e  p r o g r a m m e s  u s e d  i n  t h e  c o m p u t e r  a r e  a t t a c h e d  h e r e ­
w i t h .  T h e  v ^  ( i  -  1 , 2 , 3 , 8 , 9 , 1 0 )  u s e d  i n  t h e s e  p r o g r a m m e s  
a r e  d e f i n e d  a s  f o l l o w s  t
27
V1 =
2i
Vn = i r 2 1  ,
; 2 2i
i  r
V 8 ~  > y i r  9 T 9 ^  )  i y i r  ? v 10
1 2  i  
l  y ± r
28Jvl
TEXT M.L. (1.5.1),(1.9)
y50=TAPE
y22=TAPE*
3) y 1=0
y2=0
v3= 0
v k - v 5 0 x v 5 Q
v 5 ~ v knlaO
2)nl=nl+l
v l = v l + v k
y6=ylj.xyJ+5y2=y2+y6
v7=v6xvtó
y3=y3+y7
vl+=vi+xv5~>2, nl^nO
y8==.0
y9=0
yl0=0
yO=y50
n2=0
1)vll= yOxv(22+n2)
y8=y8+yll
n3=n2+l
v k & -n 3
yl2=yllxyU6y9=y9+yl2
yl3=yl2xv46
ylO=ylO+yl3yOr=yOxv50ïi2=n2+l
-*►1 * n2^n0
yl4=y8xy2
yl5=ylxy9
yl5=yl^~yl5
yl5=yl5xy50
yl6=y8xy3yl6=yl6x2
yl7=ylxylO
yl8=y2xy9yl8rsyl8+yl7yl8=yl8-yl6
yl8=yl5/yl8
XP y50=y50+yl8
vl8=MODvl8
->3, v l ö  > 0 .0 0 0 1
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P R I N T  v 5 0 , 3 0 2 3  
P R I N T  y l , 3 1 0 3  
P R I N T  y 2 , 1+103 
P R I N T  V 3 , k l k 3  
P R I N T  y 8 , l + 1 0 3  
P R I N T  y 9 ,  311+3 
( -» 0 )
: + 1 . 1 3 5
: + l l +  : + l 8  : + 1 5  : + 1 7
: + 2 6  : + 3 3  ; + 3 8  :+ k5
:+71 : + 9 7  : + l 3 7  ; + 1 7 6
: + 2 0 8  ì +216 :+237 :+ 2 i+ 8
L  
Z
R E S U L T  ( O U T P U T )
0.11570679 1
0. 111+98315 1
0 . 1 1 1 + 7 3 9 8 9 1
0 . 1 1 1 + 7 1 5 9 0 1
O . I I I 4.71569 1
: + 1 9  
■ + 5 k  
* +211 
: + 2 6 5
1 . 1 1 + 7
1 0 0 6 . 3 1 + 6  1 7 0 2 5 . 3 1 5  2 9 9 6 2 5 . 1 7 0  1 9 6 5 5 . 9 2 2  3 3 2 5 3 7 . 1 + 3 0
30Jul
U 5 0 = T A P E
u 2 2 = T A P E *
3 )  u l = 0  
v 2 = 0
v 3 = 0
vk=v50xv50
v5~vl\.
n l = 0
2 )  n l s s n l + 1
v i = v l + y 4
y¿4-5=nl
y é U v ù x i A S
v2~v2+v6
v7~v6xvk5
v3~v3+v7
vl.j.=vÍ4.xy5~»2• nl^nO
y 8 = 0
v 9 = 0
y 0 s v 5 0
n 2 s 0
l )  v l O = y O x v ( 2 2 - b n 2 )
v 8 = v 8 + v l O
n 3 = n 2 + l
vl4 .6=n3
y  1 1 = y  1 0  X y  I4-6
y 9 = y 9 + v l l
v O = v O x v 5 0
n 2 = n 2 + l  
, n 2 j ^ n 0
v l 2 = y l x v 9
y l 3 = y 2 x y 8
v l 3 ~ y l 2 ~ y l 3
v l 3 = v l 3 x v 5 0
y l ¿ j . = y 3 x v 8
y l 5 = v 2 x v 9
yl5=^lU-vl5
u L 5 = v l 3 / v l 5
X P y 5 0 = y 5 0 + v l 5  
y l 5 = M 0 D y l 5
->3j  v l 5 > 0 » 0 0 0 1
TEXT M .L. ( 1 . 5 - 1 ) , ( 1 . 1 0 )
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P R I N T  v 5 0 , 3 0 2 3  
P R I N T  v l , 3 0 8 2 +
P R I N T  y 2  ,¿1-103 
P R I N T  v 3 , U 1 2 3  
P R I N T  y 8, 3 1 0 3  
P R I N T  y 9 , i + 1 2 3  
( -» 0 )
S 4*19
S + 5 1 +
• 4-211 
: + 2 6 5
Z
: +11+ : + 1 8
¡4 -2 6 s + 3 3
s + 7 1 s + 9 7
; 4 -2 0 8 ¡ 4 - 2 1 6
: + 1 5  : + 1 7
; + 3 8  : 4-1+5
: 4 - 1 3 7  i +176 
: 4-237 ¡4-21+8
R E S U L T  (O U T P U T )
0 . 1 1 5 2 7 6 3 7 1
0 .1 1 iL } .6 5 0 5 7 1
0 . 1 1 1 + 7 2 9 9 2 1
0 . 1 1 1 + 7 1 2 7 8 1
0 . 1 1 1 + 7 1 6 2 5 1
1 . 1 1 + 7
1 . 0 0 5 . 1 + 2 0 2  1 7 0 0 9 . 0 2 3  2 9 9 3 3 1 . 6 7 0  1 9 6 U 6 . 8 8 8  3 3 2 3 7 9 . 7 0 0
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T h e  d a t a  i n  t h e  t a b l e  b e l o w  i s  g i v e n  b y  
C o r n e l l  ( 19 6 1 ) .  T h e  o b s e r v e d  v a l u e s  y ^  d e s c r i b e  t h e  d e c a y  o f  
t h e  n e u t r o n  d e n s i t y  i n  a  m e d i u m - s i z e d  a s s e m b l y  o f  b e r y l l i u m  
a n d  t h e y  a r e  m a d e  a t  e q u a l l y  s p a c e d  t i m e  i n t e r v a l s  o f  0*1 
m i l l i s e c o n d s .
•
1 0 1 2 3 1+ 5
y i 1 0 0 1 4 5 7 8 0 0 5 6 0 3 0 5 I+6I+85 36205 2 8 2 7 5
i 6 7 8 9 1 0  1 1
y i 2 1 7 0 5 1 6 9 5 5 1301+5 1 0 0 8 5 7 8 3 5 6 1 6 5
i 1 2 1 3 11+ 1 5 16 1 7
y i 4 7 8 2 3 7 8 0 2 9 1 5 221+9 1 7 5 2 1 3 9 5
10 d e l w h i c h  f i t s t h e  d a t a  I s  a s s u m e d  t o b e :
y .1
•
=  P p X +  e . ( l  = 0  J 1 ,  OB .  A 7 )
h e r e  w e  h a v e  ^  ^
■  ( b)/()
1  0
=  ( 31+1938 ) / ( 1+1+0688)
=  0.77592
t o  f i v e  d e c i m a l  p l a c e s .
N o w  c o n s i d e r  r Q =  0 , 7 7 5 9 2  b e  t h e  i n i t i a l  e s t i m a t e ;  t h e n  
b y  s e c t i o n  1 , 3 « *  e q u a t i o n  ( 1 . 7 ) *  w e  h a v e
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* 1  =  f <r o )
=  0 , 778076.
S i n c e  > r  t h e  m a x i m u m  l i k e l i h o o d  e s t i m a t e  r  m u s t  h e  l e s s
t h a n  I * »  T h u s  w e  o b t a i n  o
h  =  (r-L -  r  | =  0«  0 0 2 1 5 6 ,
a n d  t h e n
r Q -  h  =  0 . 7 7 4 .
S u b s t i t u t i n g  i n  ( 1 . 7 )  w e  o b t a i n  
v 2 =  f ( r Q -  h )
=  O . 768O I .
We n o w  f o r m  t h e  d i v i d e d  d i f f e r e n c e s  t a b l e :  
r  f ( p )  A
0 . 7 7 5 9 2  0 . 7 7 8 0 7 6
5 . 2 2 + 2 7
0. 77*4-00 O . 768O I
a n d  b y  ( 1 . 8 )  w e  g e t
f ( r )  =  r  =  0 . 7 7 8 0 7 6  +  5 . 2 i + 2 7 ( r  -  0 . 7 7 5 9 2 )
g i v i n g
_ _  JLr  =
2+. 22+27 
=  0 . 7 7 5 2 + 1 2 .
B y  s u b s t i t u t i n g  t h i s  v a l u e  i n  ( 1 . 7 )  w e  o b t a i n
r 3  =  f (  0 . 7 7 5 2 + 1 )
=  0 . 7 7 5 3 6 2 + .
3k
r  f ( r )  A
0 . 7 7 5 9 2  0 . 7 7 8 0 7 6
5  * 3 2
Oo 7751+1 0 . 7 7 5 3 6 1 +
a n d  u s i n g  ( 1 . 8 )  w e  g e t
f ( r )  =  r  =  0 . 7 7 8 0 7 6  +  5 . 3 2  ( r  -  0 . 7 7 5 9 2 )
g i v i n g  r  =  ~  O o7751+21 o
We n o w  h a v e
( 0 . 7 7 5 U 2 1  -  f ( 0 . 7 7 5 1 + 2 1 )  | < 0. 000005*
T h e r e f o r e  t h e  m a x i m u m  l i k e l i h o o d  e s t i m a t e  i s  r  =  0 . 7 7 5 1 + 2  
c o r r e c t  t o  f i v e  d e c i m a l  p l a c e s »
B y  t h e  m e t h o d  o f  s e c t i o n  1.1+ t h e  f o l l o w i n g  r e s u l t s  a r e  
o b t a i n e d  b y  t h e  c o m p u t e r  ( I , C „ T . S i r i u s ) .
A g a i n  b y  f o r m i n g
E q u a t i o n i I m p r o v e d  V a l u e s
( 1 . 9) 1 0.7754277
2 0.7754237
( 1 . 1 0 ) 1 0.7754253
2 0 . 775423s
T h e  v a l u e  0 . 7 7 5 1 + 2  f o r  t h e  m a x i m u m  l i k e l i h o o d  e s t i m a t e  i s  
o b t a i n e d  s u b j e c t  t o  t h e  c o n d i t i o n  t h a t  t h e  c o r r e c t i o n  t e r m  
i s  l e s s  t h a n  0.000005 a s  i s  s h o w n  i n  t h e  f o l l o w i n g  p r o g r a m m e s .
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J v l
TEXT M . L .  ( 1 . 5 . 2 ) , ( 1 . 9 )
v 5 0 = T A P E  
i» 2 2 = T A P E 1 8
3 )  v l = 0  y2=0 
y3~0
v 5 - v k
n l = 0
2 ) n l = n l + l  
v l 5= y l+ yLj.  
y i + S e n l  
y6=yl}.xyU5
y 2 = y 2 + y 6
v 7 ~ v 6 x v k 5
v3= v3 + v7
v L \ * z v k x v 5~»2?nl?£L8y8~0
y  9 = 0
y 10=0
y0=y50
n 2 = 0
i ) y l l = y O x y ( 2 2 + n 2 )
y 8 = y 8 + y l l
n 3 = n 2 + l
yÙ6=n3
y l 2 i = y l l x y U 6
v9 ~ V 9 + y l 2
y l 3 = v l 2 x y U 6
y l O = y l O + y l 3
yO=yOxy30
n 2 = n 2 + l
-*1 9 n 2 j£L8
y l U = y 8 x y 2
yl5=vlxy9
v l 5 = y l 4 - v l 5
y l S - v l S x y S O
yl6=y8xy3
y l 6 = y l 6 x 2
y l 7 = y l x y l O
y l 8 = y 2 x y 9
y l 8 = y l 8 + y l 7
y l 8 = y l 8 ~ y l 6
y l 8 = y l 5 / v l 8
X P y 3 0 = y 5 0 + y l 8
y l 8 = M O D y l 8
->3? y l8 > 0 .000005
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P R I N T  v 5  0 , 3 0 0 5
P R I N T  v l , 3 0 2 6  
P R I N T  v 2 ,k O Z 6  
P R I N T  v 3 , U O l | 6  
P R I N T  v &3 1 2 6
P R I N T  v 9 , 4 1 4 6  
(-»0 )
: + 0 . 7 7 5 9 2  
: +10011+5 
: + 3 6 2 0 5  
: + 1 3 0 4 5  
: + 4 7 8 2  
s +1752
: + 7 8 0 0 5  
: + 2 8 2 7 5  
j + 1 0 0 8 5  
2+3780 
J + 1 3 9 5
t + 6 0 3 0 5  
2 + 2 1 7 0 5  
2 + 7 8 3 5  
2 + 2 9 1 5
2 + 4 6 4 8 5  
2 + 1 6 9 5 5
2 +6165
2 + 2 2 4 9
L
z
RESULT ( O U T P U T )
0 . 7 7 5 4 2 7 7 0  0
0 . 7 7 5 4 2 3 7 0  0
0 . 7 7 5 4 2
1.507918  3 . 7 7 9 1 0 7  1 5 . 1 2 3 0 3 3  194961.640 488604.440
)
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J v l
TEXT M . L .  ( 1 . 5 . 2 ) , ( 1 . 1 0 )
v 5 0 = T A P E  
v 2 2 = T A P E l 8
3 )  v i s s O  
V 2 = 0  
V3=0
vl±=zv50xv50
v5=vl+
n l = 0
2 )  n l = n l + l  
yi=yi+yi+ 
y^5=nl 
v 6 = v l i x v i j . 5
v 2 = v 2 + v 6  
y7=y6xylj.3 
y 3 = v 3 + v 7  
yi|=yLj.xy3 
->2 , n l ^ l ö
yß=o
V9r=0
yo=y30
n 2 = 0
1 ) y l O = v O x y ( 2 2 + n 2 )
y 8 = y 8 + y l O
n 3 = n 2 + l
yl4-6=n3
y l l = y l 0 x y i | - 6
y9=y9+yll
y0=y0xy50
n 2 ? = :n 2 + l
—>19 n 2 j ^ l 8
yl2=ylxy9
yl3=y2xy8
y l 3 ~ y l 2 ~ y l 3
y l 3 = y l 3 x y 3 0
vl]4=y3xy8
v l $ = v 2 x v 9
y l5 « v l^ -v l5
y l5 = y l3 /y l5
X P y 3 0 = y 5 0 + y l 5
y l 5 = M O D y l 5
-> 3 , v l 5 > 0 , 0 0 0 0 0 3
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D I R E C T  METHODS FOR ESTIMATING- TH E 
N O R - L I N E A R  PARAMETERS
2 , 1 »  T h e  r a t i o  e s t i m a t o r
P a t t e r s o n  ( 1 9 5 6 )  h a s  p r o p o s e d  a  s i m p l e  a n d  d i r e c t  m e t h o d  
o f  e s t i m a t i n g  t h e  n o n - l i n e a r  p a r a m e t e r  p  o f  t h e  m o d e l  ( 1 * 3 ) o 
T h e  e s t i m a t o r  u s e d  i s  a  r a t i o  o f  t w o  l i n e a r  f u n c t i o n s  o f  t h e  
o b s e r v e d  v a l u e s  y ^ o  L e t  t h e  e s t i m a t o r  o f  p  h e  r j  t h e n  f o r  
a n y  n  t h e  e s t i m a t o r  i s  d e f i n e d  b y
CHAPTER 2
n
1
w h e r e  t h e  a r e  c o n s t a n t s  s u b j e c t  t o  t h e  c o n d i t i o n
n - 1
Ec ^  =  Oo T h i s  c o n d i t i o n  i s  i m p o s e d  t o  r e m o v e  t h e  p a r a m e t e r1
a  f r o m  b o t h  n u m e r a t o r  a n d  d e n o m i n a t o r »  T o  o b t a i n  a n  e f f i c i e n t  
e s t i m a t o r ,  t h e  c ^ ? s  a r e  c h o s e n  s o  t h a t  t h e  v a r i a n c e  o f  r  i s  a  
m i n i m u m ,  s u b j e c t  t o  t h e  c o n d i t i o n  t h a t
n - 1
1
g i v i n g  ( n - l )  e q u a t i o n s  i n  c ^  a n d  p ,  f r o m  w h i c h  t h e  c a n  b e
o b t a i n e d  a s  i n u n c t i o n s  o f  p  0 B u t  p  i s  u n k n o w n ,  s o  w e  h a v e  t o
u s e  a n  i t e r a t i v e  m e t h o d  t o  s o l v e  f o r  t h e  c ^  s t a r t i n g  w i t h  a n
i n i t i a l  e s t i m a t e  f o r  p 9 u s e  t h e s e  t o  f i n d  t h e  e s t i m a t e  r
o f  p  a c c o r d i n g  t o  t h e  a b o v e  f o r m u l a ,  a n d  t h e n  b y  s u c c e s s i v e
r e p e t i t i o n  o f  t h e s e  s t e p s  c o m p u t e  t h e  e s t i m a t e  h a v i n g  m i n i m u m
v a r i a n c e o  T h u s  t h e  s i m p l i c i t y  o f  a  d i r e c t  p r o c e d u r e  f o r
e s t i m a t i n g  p  w i t h  h i g h  e f f i c i e n c y  i s  l o s t *
A c c o r d i n g  t o  F i n n e y  ( 1 9 5 8 ) ,  T a y l o r  a n d  a l s o  H a r t l e y
s u g g e s t e d  t h a t  a n  e s t i m a t o r  r  o f  p  c o u l d  b e  o b t a i n e d  a s  a
r a t i o  o f  t w o  q u a d r a t i c  f u n c t i o n s  o f  t h e  o b s e r v e d  v a l u e s  o f  y e
T a y l o r f s  e s t i m a t o r  i s  o b t a i n e d  f r o m  t h e  l i n e a r  r e g r e s s i o n  o f
y ^  o n  y i r a l  ( i  ~  2 , 3 , « o . , n ) ,  t h e  e s t i m a t o r  r  o f  p  a n d  a  o f  a
b e i n g  o b t a i n e d  b y  m i n i m i z i n g  t h e  s u m  o f  s q u a r e s
n - 1
2 
X
o f  t e r m s  e ^  -  e ^ p  w h i c h  a r e  c o r r e l a t e d  a n d  d i s t r i b u t e d
o  p
n o r m a l l y  w i t h  z e r o  m e a n s  a n d  c o n s t a n t  v a r i a n c e  ( l + p  )<r 0 
H a r t l e y 7 s  e s t i m a t o r  i s  o b t a i n e d  f r o m  t h e  l i n e a r  
r e g r e s s i o n  o f  ( y i + y i ~ l ) >  1 ~  b y
m i n i m i z i n g  t h e  s u m  o f  s q u a r e s
n - 1
o f  t e r m s
1
h i
w h i c h  a r e  c o r r e l a t e d  a n d  d i s t r i b u t e d  n o r m a l l y  w i t h  z e r o  m e a n s  
a n d  c o n s t a n t  v a r i a n c e
k U i Z l  0 - 2Q °
( 1 +p)
F o r  H a r t l e y ’ s  c a s e  t h e  t e r m s  e ^ a r e  m o r e  h e a v i l y  c o r r e l a t e d  
t h a n  t h a t  of* T a y l o r ’ s«
F i n n e y  ( 1 9 5 8 )  m a d e  a  c o m p r e h e n s i v e  i n v e s t i g a t i o n  of* t h e  
e s t i m a t o r  r  o f  p  o b t a i n e d  b y  t h e  t h r e e  m e t h o d s  o u t l i n e d  a b o v e  
f o r  t h e  c a s e  n  ~  h$  a n d  s h o w e d  t h a t  t h e s e  m e t h o d s  p r o v i d e  
e s t i m a t o r s  w i t h  r e a s o n a b l y  h i g h  e f f i c i e n c y  f o r  a l l  v a l u e s  o f  
p  i n  t h e  r a n g e  0  < p  < 1 ,  a n d  i n  p a r t i c u l a r  t h a t  T a y l o r ’ s  a n d  
H a r t l e y ’ s  e s t i m a t o r s  o f  p  h a d  t h e i r  h i g h e s t  e f f i c i e n c y  a t  t h e  
e n d s  o f  t h i s  r a n g e *  P a t t e r s o n ’ s  e s t i m a t o r  h a d  i t s  h i g h e s t  
e f f i c i e n c y  i n  t h e  m i d d l e  o f  t h e  r a n g e *  a n d  T a y l o r ' s  e s t i m a t o r  
w a s  m o r e  e f f i c i e n t  t h a n  P a t t e r s o n ' s  e x c e p t  f o r  a  n a r r o w  b a n d  
o f  p  w h e r e  t h e  e f f i c i e n c i e s  w e r e  p r a c t i c a l l y  t h e  s a m e «  I n  
c h a p t e r  3  w e  a p p l y  T a y l o r ’ s  m e t h o d  t o  t h e  c a s e  n  =  5  a n d  s h o w  
b y  m e a n s  o f  a n  a s y m p t o t i c  f o r m u l a  f o r  t h e  v a r i a n c e  t h a t  t h e  
e f f i c i e n c y  r e l a t i v e  t o  t h e  m a x i m u m  l i k e l i h o o d  e s t i m a t o r  
d e c r e a s e s  w h e n  n  i s  i n c r e a s e d  f r o m  1+ t o  5*  a l l  v a l u e s  o f
p  i n  t h e  r a n g e  0  < p  < 1 «  P a t t e r s o n ’ s  e s t i m a t o r  i s  a l s o  
s h o w n  t o  h a v e  a  s i m i l a r  b e h a v i o u r *  b u t  t h e  d e c r e a s e  i n  
e f f i c i e n c y  i s  g r e a t e r  a t  t h e  e n d s  o f  t h e  r a n g e  t h a n  i n  t h e  
m i d d l e *  a n d  t h e r e  i s  a  r a n g e  o f  p  f o r  w h i c h  t h e  e f f i c i e n c y  o f  
t h i s  e s t i m a t o r  i s  g r e a t e r  t h a n  T a y l o r ’ s  e s t i m a t o r « .  T h e r e f o r e
i t  m a y  b e  c o n c l u d e d  t h a t  t h e  p r e v i o u s  i n v e s t i g a t i o n  " b a s e d  o n  
n  =  i-j. i s  i n s L i f f i c i e n t  ' t o  d e t e r m i n e  w h i c h  m e t h o d  o f  e s t i m a t i o n  
s h o u l d  b e  u s e d .
2 „ 2» C o r n e l l ? s  g e n e r a l  m e t h o d
* imm»«*»«- m i w j Lr >■» upttm t iHWKiiwrnwwwww K^ c s w a «
C o r n e l l  ( 1 9 6 2 )  h a s  f u r n i s h e d  a  g e n e r a l  m e t h o d  w h i c h  p r o ­
v i d e s  a  s i m p l e  a n d  d i r e c t  p r o c e d u r e  f o r  e s t i m a t i n g  t h e  n o n ­
l i n e a r  p a r a m e t e r s  a s  w e l l  a s  t h e  l i n e a r  o n e s  i n  t h e  c a s e  o f  
t h e  t w o  g e n e r a l  m o d e l s  ( l . l )  a n d  ( 1 . 2 ) 0 T h e  m e t h o d  m a y  b e  
c a l l e d  t h e  p a r t i a l  t o t a l s  m e t h o d ,  a s  i t  i s  b a s e d  o n  i n d e p e n d e n t  
p a r t i a l  t o t a l s  o f  t h e  s a m p l e  o b s e r v a t i o n s »  I t  i s  w o r t h w h i l e  
t o  o u t l i n e  t h e  m e t h o d  b r i e f l y »
F o r  t h e  g e n e r a l  m o d e l
k
y ± =  V  / 3 . jP j  +  e 1 , ( i  =  1 , „ . , n )
5 = 1
w i t h  s a m p l e  s i z e  n  a n d  k  n o n - l i n e a r  p a r a m e t e r s ,  t h e  m e t h o d  i s
b a s e d  o n  p a r t i t i o n i n g  t h e  s a m p l e  i n t o  2 k  i n d e p e n d e n t  t o t a l s ,
e a c h  o f  m o b s e r v a t i o n s ,  s u c h  t h a t
h m
( h  =  1 , 2 , 0 » ,  2 k ) o
i = ( h - l ) m + l
F r o m  t h i s  i t  i s  c l e a r  t h a t  t h e  s a m p l e  s i z e  n  m u s t  b e  e v e n  a n d  
e q u a l  t o  2 k m ,  o t h e r w i s e  t h e  m e t h o d  i s  i n a p p l i c a b l e »
L e t  t h e  e x p e c t e d  v a l u e s  o f  S 1 , b e
T f ,  T g  , » » » ,  T ^  r e s p e c t i v e l y  a n d  f o r m  t h e  d i f f e r e n c e
U 2
k3
e q u a t i o n s  
k + 1
2 k + l - i
' ' k + l - i  J' j + l
i = l
w h e r e  =  l , 2 , . . . , k )  i s  a  f u n c t i o n  o f  a n d  U Q =  1»  T h e n
r e p l a c e  T ^  b y  ( h  =  l „ 2 , . . , 2 k )  a n d  b y  m a t r i x  m e t h o d s  s o l v e
t h e s e  k  e q u a t i o n s  f o r  t h e  U . ' s ,  t h u s  o b t a i n i n g  t h e  e s t i m a t o r s
J
L . o f  U .  s u c h  t h a t  
D 0
L j  =  I M .  | /  | M | , (jJ = l , 2 , . . , k )
w h e r e  M i s  a  m a t r i x  w h o s e  i t h  r o w  i s
( S i  » S i + 1  » • • • • • • • *  Sk + i ~ l '  »
a n d
r* 1
M . =  
0
“ k - . i
_  m .
3
w h e r e  i s  a  ( k - j ) x k  m a t r i x  w h o s e  i t h  r o w  i s
<S i  J S i + 1  » * • • • »  Sk + 1 - 1 ^  
a n d  m .  i s  a  j x k  m a t r i x  w h o s e  i t h  r o w  i s
cJ
' S k + l + i - j  » Sk + 2 + i - d  S 2 k + i - ^ ‘
T h e  e s t i m a t o r s  o f  p 1?  w i l l  t h e n  b e  t h e  r o o t s  r ?  ( 3 = l , . . , k )  o f
J  j
t h e  k t h  d e g r e e  p o l y n o m i a l
x k - L n x k , _ 1  +  L c  x k - 2  -  + ( - l ) k  L  =  0  ,  ( 2 . 1 )
m l / m  k
a n d  t h e  e s t i m a t o r  o f  p  . w i l l  b e  r .  =  ( r  . )
r d 3 3
T o  o b t a i n  t h e  e s t i m a t o r s  b .  o f  t h e  /5 .  w e  s u b s t i t u t e  r .  f o r  p .
G ' D  a y 3
i n ,  a n d  s o l v e  a n y  lc e q u a t i o n s  o f  t h e  s e t
hk
S h  ~  T h  ° ( h  ~  l , 2 ? . . M 2 k )
F o r  t h e  g e n e r a l  m o d e l
— i - v i " .  .  —  »
d « i
w e  f o l l o w  t h e  s a m e  p r o c e d u r e  a s  f o r  t h e  p r e v i o u s  m o d e l  h u t  
w i t h  2 k + l  p a r t i a l  t o t a l s ,  e a c h  m a d e  u p  o f  m o b s e r v a t i o n s  w i t h  
n  =  m ( 2 k + l ) . T h e n  w e  f o r m  t h e  n e w  t o t a l s
f
=: 9 h  =  1 , 2 , 000, 2 k
t
t h u s  e l i m i n a t i n g  t h e  p a r a m e t e r  a  f r o m  Tj ,  t h e  e x p e c t e d  v a l u e
t
o f  Sj o A s  i n  t h e  p r e v i o u s  p r o c e d u r e  t h e  e s t i m a t o r s
o f  p 1^  ( j = l , . e , k )  w i l l  h e  t h e  r o o t s  o f  t h e  k t h  d e g r e e  
j  <j
p o l y n o m i a l  ( 2 . 1 ) ,  h u t  w i t h  r e p l a c e d  h y  t h e  n e w  t o t a l s  ,
T o  o b t a i n  t h e  e s t i m a t o r s  h .  o f  t h e  B .  w e  s u b s t i t u t e  r .  f o r  d .3 0 3 ' 3
a n d  s o l v e  a n y  k  o f  t h e  s y s t e m  o f  e q u a t i o n s
? t
Sh  =  T h  0 ( h  =  l , 2 , o . , 2 k )
T h e  e s t i m a t o r  a  o f  a  c a n  t h e n  h e  o b t a i n e d  f r o m  a n y  o f  t h e
e q u a t i o n s
s h  =  T h
a f t e r  s u b s t i t u t i n g  r .  a n d  b .  f o r  p .  a n d  ¡3 . r e s p e c t i v e l y .
3 3 3 3
T h i s  m e t h o d  i s  t h e  o n l y  g e n e r a l  m e t h o d  d e v e l o p e d  s o  f a r  
w h i c h  p r o v i d e s  a  s i m p l e  a n d  d i r e c t  p r o c e d u r e  f o r  e s t i m a t i n g  
t h e  n o n - l i n e a r  p a r a m e t e r s  o f  t h e  t w o  g e n e r a l  m o d e l s  ( l . l )  a n d
k5
( l . 2 ) o  H o w e v e r ,  i t  h a s  t h e  d i s a d v a n t a g e  t h a t  s i n c e  t h e  r a n g e  
o f  o b s e r v a t i o n s  i s  p a r t i t i o n e d  i n t o  d i s t i n c t  s e c t i o n s  t h e
t h e  n u m b e r  o f  o b s e r v a t i o n s  m u s t  b e  a n  e x a c t  m u l t i p l e  o f  t h e  
t o t a l  n u m b e r  o f  p a r a m e t e r s ,  2 k  f o r  ( l o l )  a n d  2 k + l  f o r  ( 1 . 2 ) .
I n  t h e  f o l l o w i n g  s e c t i o n s  w e  s u g g e s t  a n  a l t e r n a t i v e  m e t h o d  b y  
w h i c h  w e  o v e r c o m e  t h e  a b o v e  d i s a d v a n t a g e  a n d ,  f u r t h e r m o r e ,  w e  
s h o w  i n  a  n u m b e r  o f  e x a m p l e s  i n  c h a p t e r  3  t h a t  t h e  p r o p o s e d  
m e t h o d  y i e l d s  a  s m a l l e r  r e s i d u a l  s u m  o f  s q u a r e s  t h a n  C o r n e l l ’ s  
m e t h o d  o
We w i l l  n o w  c o n s i d e r  o u r  p r o p o s e d  g e n e r a l  m e t h o d  w h i c h  
p r o v i d e s  a  s i m p l e  a n d  d i r e c t  p r o c e d u r e  f o r  e s t i m a t i n g  t h e  n o n -  
l i n e a r  p a r a m e t e r s . We w i l l  s h o w  t h a t  i t  i s  c o n s i s t e n t ,  a n d  
a l s o  p r o v i d e  c o n f i d e n c e  l i m i t s  f o r  t h e  n o n - l i n e a r  p a r a m e t e r  
i n  t h e  c a s e  o f  t h e  t w o  p a r t i c u l a r  m o d e l s
z e r o s  o f  t h e  p o l y n o m i a l  g i v e  e s t i m a t o r s ,  n o t  o f  p . ,  b u t  o f
t)
s o m e  i n t e g r a l  p o w e r  o f  p . .  A l s o ,  f o r  t h e  m e t h o d  t o  w o r k ,
tJ
jLC 3 n e r a l  m e t h o d  f o r  e s t i m a t i n g
t h e  n o n - l i n e a r  p a r a m e t e r s
y i  =  # > x  +  e i
a n d
y ^  =  a  +  /Sp1 + e i  •
T h e  p r o c e d u r e  f o r  t h e  g e n e r a l  m o d e l
k
w i l l  b e  i l l u s t r a t e d  b y  m o d e l s  w i t h  o n e *  t w o  a n d  t h r e e  
e x p o n e n t i a l  t e r m s ,  a n d  t h e n  e x t e n d e d  t o  t h e  c a s e  o f  k  
e x p o n e n t i a l  t e r m s , ,
F i r s t l y ,  f o r  t h e  c a s e
i
y i  ~  (Bp + e ^  ( i  =  l , . . . , n )
w e  f o r m  t h e  t w o  s u m s  o f  o b s e r v a t i o n s  Y ^  a n d  Y ^  s u c h  t h a t
n ~ l  n
Y 1  = Y j and Y 2 = I / 1 
1  2
a n d  w r i t e
n - 1
Y 1  =  fi V r 1
a n d
n
Y 2  »  b  )  r 1
*  $
w h e r e  r  a n d  fo a r e  t h e  e s t i m a t o r s  o f  p  a n d  (3 r e s p e c t i v e l y ,
We t h e n  h a v e
b7
F o r  t h e  c a s e
y i  “  +  ^ 2 ^ 2  +  e - ( 1  — 6 0 0
w e  f o r m  t h e  s u m s  Y1 ,  Y 2$ Y ^  a n d  s u c h  t h a t
n - 3  n - 2
Y =  2 y ± s
n - 1
Y3  =  i  a n d  YU
a n d  t h e n  w r i t e
n
k
y i
n - 4 + 3
Y .
D
h .
* 1  +  b 2
n - U + 3
■^*2 *  ( j - l j  i  a « j 4 )  ( 2 «  2 )
#  £
i = j
w h e r e  r 1 ?  r ^ j ,  i 2  a r e  t h e  e s t i m a t o r s  o f  p ^ 9 p 2$ ¡b^ 9 p 2
r e s p e c t i v e ! y Q F r o m  ( 2 e 2 ) 9 w e  g e t
a n d
n<
r  =  I g ^ g _ 2 l 2  a  i 4 2- - ^  
Y 1  * * 2  “  Y 2  Y 2  ^ 2  "  Y 3
f r o m  w h i c h  i t  f o l l o v i / B  t h a t  r«^ a n d  r ^  s a t i s f y  t h e  s a m e  q u a d r a t i c
e q u a t i o n  i n  r ,  v i z
( Y1 Y3  "  Y 2 >  &  ~ ~ ^  ?  + ( Y P Y „ -  Y 2 ) =1 4  2 X3 ' ' 2  i+ 3 0
k8
2
D i v i d i n g  b y  -  Y g )  a n d  p u t t i n g  i n  d e t e r m i n a n t  f o r m ,  w e  g e t
$ 2n r
Y Y 
X 1  2
Y3  \
Y l  Y 2
y 2  y 3
cS
r  +
Y Y 
2  x 3
Y -  Y, 
3  4
Y 1  Y 2
y 2  y 3
=  0 ( 2 . 3 )
T h e  e s t i m a t o r s  r ^  a n d  r ^  o f  p ^  a n d p ^  r e s p e c t i v e l y  a r e  t h u s
t h e  r o o t s  o f  e q u a t i o n  ( 2 . 3 ) *  B y  s u b s t i t u t i n g  t h è  v a l u e s  o f
❖ *  ,  s
r ^  a n d  r ^  m  a n y  t w o  e q u a t i o n s  o f  ( 2 . 2 ) , ,  w e  o b t a i n  t h e
j£C *>tj
e s t i m a t o r s  b-^ a n d  15 ^  o f  (3^  a n d  ¡3^ r e s p e c t i v e l y .
F o r  t h e  c a s e  o f  t h r e e  e x p o n e n t i a l  t e r m s
y i  =  ^ 1  P \  +  ^ 2 P2  + P3P 3  +  e i( i  =  1 n )
w e  f o r m  t h e  s u m s  Y .  ( j = l >  . * 6 )  o f  t h e  o b s e r v a t i o n s  s u c h  t h a t
J
n - 5 n - 4
Y  =  
X 1 y . Y 2  = y i  ’ y 3  =
1 . 3
y i  »
n - 2  n - 1  n
Y 5  = i > i '  Y« - £ yl
4  3  6
a n d  t h e n  w r i t e
n - 6 + j
t  i p  rî< i  ï}C >j! i  r fi  î ÿ  p
+  'b 2 r 2  +  1° 3 1>3 ( 2 . 4 )
i = d
V?4 tl*
w h e r e  a n d  ( h s = l , 2 , 3 )  a r e  t h e  e s t i m a t o r s  o f  p ^  a n d  ¡3^ 
r e s p e c t i v e l y «  F r o m  ( 2 o i | . )  w e  f o r m
U 9
Y 2  “  r l Yl  “  b 2
n - U
n * i  
2
❖ ❖ 
Y 3 ~  p 1Y 2 "
* #  
Yi |  "  r l Y 3  =  t l 2
Y 5  -  r l Yl* =  b 2
n-3
( 1 %
3
n - 2
* i
r n
n - 1
r ;
y 6  -
6
n~5 n - l j . n -  5
1
n - l |
3
n - 2
4
n - 1
I V f r
1 / 3
2
n-3
2  3
n - 3  n - 2
r  V r ^  -i- ?  I ^ V r 1 r l  /  2  J H d 3 v /  3
1
n - l j .
* A ' K
n - 1
* i
P 1  )  r 2  J + %  r 3
5
n
n - 3  
*  V "  * i N 
* l )  . P 3
n - 2
*  V “' * i '
^ ¿ / 3/
4
n - l
*  V  * i s 
r l )  . r 3
a n d  t h u s  o b t a i n
1 
j
¿f 
1 1
V N
r l Y3
V
- r 2 ( * 3 - riY2)
3  (Y3 -  
<Y5 -
^  \ ^Yg)
mUV v
r l V
kt«V
“ r 2
*-  r 2 .
(Y2 “ 
( \  “•
^1Y1^
■'lY3}I
4? 1 
i «</*V* v
r l Y3)
•*4
-  r 2 (y3 ~
# N 
r l  2)
<Y6 - ^ 5)
❖
“  I>2 (Y5 _ r i V
(Y5 ~ r l Yip
%x*n*-  r 2
(Y u  -
»-Ov \
p1Y3^
F r o m  ( 2 «5 ) s  a f t e r  s o m e  s i m p l i f i c a t i o n  a n d  r e a r r a n g i n g ,  w e  
o b t a i n  
Y
5 0
> T V V v > «S V v  I  $ iJC
k  -  Y 3  ( r 1 + r 2 + r 3 ) +  Yg  ( r ^ + r ^ « . , , ^ )  -  Y ^ r ^  =  0
/ «’F **» *F \ y «V5 «S» »<••*• ■»’ •»’ » V V «f I > _ V
5 ~  1+ ^ P l + P 2 + P 3 '  *  3  ( r q r 2 + p l P 3 + p 2 P 3 Y “  Y2 P 1 P 2 P 3  ~  0
/V *^ \  - r  v  i  v  *5* •$• v ^  i 5 }!>
Y g -  Y^  C^1 + ^ 2+ r 3  ^ +  YL{. ( ^ ^ 2'h r l r 3+ r 2P 3  ^ ~  3P 1 P 2P3 ~  0
•jj ^
T h e  e s t i m a t o r s  r ^  r ^ p  **3 o i * P±9 P2 9 P3  r e s p e c t i v e l y  a r e  t h u s
A
t h e  r o o t s  o f  t h e  c u b i c  e q u a t i o n  i n  r  ;
*3 
r  ■
Y1 Y2 Y,J Y1 Y2 Y,3 Y2 Y3 \
Y2 y3 \ Y3 Yi+ Y5 Y3 Yi+ Y5
\ I I Y6 *2 ■u V »  I & Y4 Y5 Y6 * Y4 Y5 y6
Y1 Y2 Y3
I  +
YX1 Y2 Y3
* r  — “
Y1 Y2 Y3
Y2 Y3 \ Y■ 2 Y3 \ Y2 Y * Yi ,
Y3 Y5 Y-zD YU Y5 Y3 \ Y c5
=  0 ( 2 . 7 )
❖
T h e  e s t i m a t o r s  b - ^ ,  b ^ ,  b ^  o f  (3^ <, /3g j  ^3 r e s p e c t i v e l y ,  c a n  
t h e n  h e  o b t a i n e d  b y  s o l v i n g  a n y  t h r e e  e q u a t i o n s  o f  t h e  s e t
( 2 , 4 ) •
F r o m  a n  i n s p e c t i o n  o f  t h e  a b o v e  t h r e e  c a s e s  w e  n o t i c e  t h a t  
t h e  n u m b e r  o f  t h e  p a r t i a l  s u m s  r e q z z i r s d  i s  t w i c e  t h e  n u m b e r  o f  
t h e  n o n - l i n e a r  p a r a m e t e r s  ( i „ e *  t h e  n u m b e r  o f  e x p o n e n t i a l  t e r m s )  
I t  t h e r e f o r e  s u g g e s t s  t h a t  t h e  n u m b e r  o f  p a r t i a l  s u m s  Y ^
r e q u i r e d  f o r  k  e x p o n e n t i a l  t e r m s  w i t h
n + h ~ 2 k
Yh  =  \  y i  ( h  =  1 ,  . . .  ,  2 k )
i = h
i s  2 k a T h e  s a m p l e  s i z e  r e q u i r e d  t o  f o r m  t h e s e  s u m s  m u s t  o f
c o u r s e  s a t i s f y  t h e  c o n d i t i o n  n  >  2 k „
N o w  t h e  r e s u l t  ( 2 „ 6 )  c a n  c l e a r l y  h e  e x t e n d e d  t o  t h e  
g e n e r a l  c a s e  w h e r e  t h e r e  a r e  k  e x p o n e n t i a l  t e r m s ? g i v i n g
52
t h i s  s e t  o f  e q u a t i o n s  c a n  b e  w r i t t e n
6 k  Y1  + K - l  Y2  +  * * * +  Yk  = "  y k + l
^ k  Y2  +  ° k - l  Y 3  + * ' •  +  ° l  Yk + 1  =  ~  Yk + 2
O O O O O O O O O O O O O Q O O O O Q O
0  Y + G Y + 
° k  Xk  + k - 1  k + 1 + 6 1  y 2 k ~ l ' 2 k
❖
L e t  A  b e  t h e  k  x  k  m a t r i x  w h o s e  i t h  r o w  i s  ( Y . , Y .
i *  l + l Y ,i + k - l )
•tm
a n d  b e  t h e  m a t r i x  o b t a i n e d  b y  r e p l a c i n g  t h e  j ' t h  c o l u m n
: + l - j
Jj
of* L  b y  t h e  c o l u m n  v e c t o r
a
k + 1
-  Y
k + 1
*k+2
-  Y
2 k
T h e n  b y  C r a m e r  f s  r u l e  w e  h a v e
1
*
£ i
w»
A
(a- =  l . , k )
>5*
S i n c e  C .  ( o  =  l , . . . , k )  a r e  e l e m e n t a r y  s y m m e t r i c  f u n c t i o n s  
d
o f  r .  ( d =  1 , * . . , k ) ,  t h e  v a l u e s  o f  a r e  t h e  r o o t s  o f
t h e  k t h  d e g r e e  p o l y n o m i a l
I f*  w e  l e t  M b e  a  k  x  k  m a t r i x  w h o s e  i t h  r o w  i s  
<Y i  5 Y i +1 "* ° 5 Y i + k - l  )
a n d  1 . =  
3
❖
m . 
3
$ <>«, ^ k ) ,  w h e r e  i s  a  ( k - j )  x  k( d  =  i
m a t r i x  w h o s e  i t h  r o w  i s  ( Y i  , Y 1 + 1 , » . . ,  Y 1 + k _ p  a n d  5 L  i s  a
d x  k  m a t r i x  w h o s e  i t h  r o w  i s  (Y k _ - j + 1 + 1  , Yk - d + 2 + i ’ “ j Y 2 k - d + i ^  
t h e n  s i n c e
A — M 9
H i
A =
}J5 *
A 9
*  *
A 1
=  -»
*5*
M i
*  f
A 2
#  i
& i2
p o *  * 0 0 c 0 0 0 0 c 0 0 c 0 $ k
=  ( _ ) k
K
( 2 . 8) b e c o m e s
* kr
kU*y* ❖ 1
M i
* k - l M™ r  +  “ ❖ 1
M M
: k -2
*
+ ( - )
k k
M
( 2 , 9 )
T h e  e s t i m a t o r s  r .  o f  p  ( 3 - 1 ,  . . .  , k )  r e s p e c t i v e l y  a r e  t h e n
J J
t h e  r o o t s  o f  ( 2* 8) o r  ( 2 . 9) .
A s  a  c a s e  o f  t h e  g e n e r a l  m o d e l
k
y ^  =  a  + /3 j  p 3 +  e ± ,
0=1
w e  f i r s t  c o n s i d e r  t h e  p a r t i c u l a r  m o d e l
y_. =  a  +  ¡3 p  e_. ( i  =  1 ,  o e> o pn )1  -  - 1- - - x
f o r  i l l u s t r a t i o n .  I n  t h i s  c a s e  t h e  w a y  o f  f o r m i n g  t h e  p a r t i a l
s u m s  w i l l  d e p e n d  o n  w h e t h e r  t h e  s a m p l e  s i z e  i s  o d d  o r  e v e n .
5h
L e t  t h e  s a m p l e  s i z e  n  h e  e v e n ,  w i t h  n  =  2 m 0 F o r m  t h e  
s u m s  Y ,  ( o  =a l ,  0 a 0 9l\.) s u c h  t h a t
J
m - l  n - 1
Y1 = Y j y i  ' Y2 = L
1  m + 1
m n
Y 3  =  Y j ^  =  X '  y !  '
2  m + 2
N o w s p u t
m ~ l
.  .  v  ?$: V ' ij; -i
Y1  «  ( m - l )  a  +  h  \  r
1
n - 1
Y 2  =  ( m - l )  a  +  S  \  r 1
L i
m + l
m
Y ^  =  ( m - l )  à  +  h  \  r
n
v  l  n \  !  ±  !  T 'Y ^  -  t m - 1 ;  a  +  h  \  r
m + 2
(2 . 10)
w h e r e  r  , h  a n d  a  a r e  t h e  e s t i m a t o r s  o f  p 9 ¡3 a n d  a  r e s p e c t i v e l y ,  
T h e n  w e  f o r m  t h e  n e w  s u m s  Yj^ a n d  Y ^  t o  e l i m i n a t e  a  f r o m  
e q u a t i o n s  ( 2 , 1 0 )  a s  f o l l o w s
55
n ~ l m- 1
Y ! Y -  Y
2  X 1 b
* 1r
* i
r
m + 1 1
( 2 . 11)
Y 2  =  "  Y 3  =  ^
11 m
* * i  
r
m + 2
f r o m  w h i c h  w e  o b t a i n
?
Y❖ 1 2  
r  =  - 4 -  =
Y,
T h e  e s t i m a t o r  fa o f  /3 c a n  h e  o b t a i n e d  f r o m  a n y  o f  e q u a t i o n s  
( 2 . 1 1 )  a n d  a  o f  a  f r o m  a n y  o f  e q u a t i o n s  ( 2 , 1 0 ) «
T o  d r a w  t h e  g e n e r a l i z a t i o n ,  w e  n o t e  t h a t  w e  r e q u i r e d  f o u r  
p a r t i a l  s u m s ,  i 0 e *  f o u r  t i m e s  t h e  n u m b e r  o f  n o n - l i n e a r  
p a r a m e t e r s .  T h i s  s u g g e s t s  t h a t  t h e  n u m b e r  o f  s u m s  r e q u i r e d  
f o r  1c n o n - l i n e a r  p a r a m e t e r s  i s  i | k ,  y i e l d i n g  2 k  s u m s  a f t e r  
e l i m i n a t i n g  a  , w h e r e
■ 2 h - l
m + h - k - 1
i « h
n + h ~ 2 k
y i  ’
( h  =  1 ,  0 0 0 ¡) 2 k )
' 2 h y i
i = m + l + h - k
a n d Y.h
Y -  Y 
2 h  2 h - l
56
T h e  e s t i m a t o r s  r .  o f  p .  ( j = l ,  . . .  , k )  w i l l  t h e n  h e  t h e  r o o t s
d d
t
o f  t h e  k t h  d e g r e e  p o l y n o m i a l  ( 2 . 9 )  w i t h  t h e  s u m s  Y ^ ( h = l , . . . ? 2 k )
r e p l a c i n g  Y, i n  t h e  d e f i n i t i o n  o f  M a n d  M . »  B y  s u b s t i t u t i n g  
n  j
t h e  v a l u e s  o f  r  . a n d  s o l v i n g  a n y  k  e q u a t i o n s  o f
d
n + h ~ 2 k  k  m + h - k - 1  k
! V “ v V '  *  *  i  v - 1  *  *  * / \
= E E ^ - E  E ^  (h = i>-“"»2k)
i = m + l + h - k  3 = 1  i = h  3 = 1
w e  o b t a i n  t h e  v a l u e s  o f  t h e  e s t i m a t o r s  b . f s  o f  / 3 . f s  ( 3 = 1 ?  » ?& )
0  tJ
lit«
A f t e r  s u b s t i t u t i n g  t h e  v a l u e s  o f  r . f s  a n d  5  . f s  w e  o b t a i n  t h e
«3 0
v a l u e  o f  a  f r o m  a n y  o n e  o f
m + h - k - l  k
Y2 h - 1  =  <m~ k )  «  + £  £ * 3 * 5
i = h  3 " i
w  )  ( h  =  1 ,  . . .  , 2 1 c )
n + h - 2 k  k
Y 2 h  =  U - k )  a  +  £  E ^ i
i = m + l + h - k  3 = 1
We c a n  s e e  a l s o  t h a t  t h e  l e a s t  s a m p l e  s i a e  h e r e w i t h  i s  n = 2 m = 2 k + 2  
N o w  l e t  t h e  s a m p l e  s i z e  n  b e  o d d  a n d  w r i t e  n = 2 m + l .  I n  
t h e  c a s e  o f  o n e  n o n - l i n e a r  p a r a m e t e r  w e  f o r m  t h e  p a r t i a l  s u m s  
Y .  ( 3=:1> ° s u c h  t h a t
d
m n - 1
Y1  = E y i  ' Y 2  =  ^  yl J
1  m + 1
a n d  t h e n  p u t
m + 3 -1
y 23- i  =  m  a  +  b
* 1r
2 j
n + 3 - 2
‘‘' 1r=  m a  +  b
i = n w g
# ❖ if!
w h e r e  3 = 1 ?  2  a n d  r ? b ?  a  a r e  t h e  e s t i m a t o r s  o f  p 9 ¡39 a  
r e s p e c t i v e l y .  We t h e n  f o r m
(2 .12)
{ vV
Y =  Y  -  Y =  b
3 2 3  x 2 3 ~ i
f r o m  w h i c h  w e  o b t a i n
n + 3 - 2 m + 3 - 1
r
* i ' (3=1 ,2)
i = m + 3 1 = 3
( 2 . 1 3 )
B y  s u b s t i t u t i n g  t h e  v a l u e  o f  r  w e  o b t a i n  t h e  v a l u e  o f  b  f r o m  
a n y  o n e  o f  e q u a t i o n s  ( 2 * 1 3 ) *  A f t e r  s u b s t i t u t i n g  t h e  v a l u e s
*i# jj»
o f  r  a n d  b  w e  o b t a i n  t h e  v a l u e  o f  a  f r o m  a n y  e q u a t i o n  o f  ( 2 . 1 2 )
I n  t h e  c a s e  o f  k  n o n - l i n e a r  p a r a m e t e r s  t h e  k k  s u m s  w i l l  b e
m + h - k^ i
Y,
a n d
' 2 h ~ l
Y 2 h  =
y.
i = h
n + h - 2 kI
3 = m + h + l - k
( h = l P « . ? 2 k )
y i
58
Tiie rest of the procedure of obtaining the estimators
rj* iji . .p., "b ^ and a of p.» ¡3. and a { 3=1, „«* ,k; respectively is the 
J J cl J
same as the previous case of n even«,
2oU-_Consistency of the estimators of 
the non-linear parameters
Consider the case of the general model
k
yi = Y , ^  pd + ei •
3 = 1
The partial sums on which the estimation procedure based are
n+h~2k
Yh ~ / y ± 9 (h=l, •.. ,21c)
L - j
i=h
where n is the sample sizeD These sums can be replaced by 
their means without changing the estimation procedure9
Let m be the number of observations in each partial 
sum and put
n+h~2k
yh = "m" /  yi * (h=l,.. „ ,2k)
L~j
i=h
Let D be the interval [h,n+h-2k], of length m-1, spanning 
these observationso We can then suppose the number of 
equi-spaced observations in each such interval increased by
5 9
s u b d i v i s i o n  w h i l e  k e e p i n g  D c o n s t a n t  i n  l e n g t h «  T o  d o  s o
i
l e t  w h e  a n y  p o s i t i v e  i n t e g e r ,  a n d  l e t  —  h e  t h e  n e w  i n t e r v a l  
b e t w e e n  a n y  t w o  s u c c e s s i v e  o b s e r v a t i o n s ;  t h e n  t h e  n u m b e r  o f  
o b s e r v a t i o n s  i n  e a c h  p a r t i a l  s u m  b e c o m e s  w ( m - l ) + l *  S i n c e  
m =  n ~ 2 k + l ,  w e  h a v e  w ( m - l ) + l  =  w ( n ~ 2 k ) + l *  D e n o t i n g  t h e  n e w  
p a r t i a l  s u m s  b y  Y ^  ( h  = I , * « . , 2 k )  a n d  t h e  n u m b e r  o f  o b s e r v a -
t
t i o n s  i n  e a c h  b y  m ^ w e  h a v e
f w ( n ~ 2 k ) + h  
^ h  “  /  y h + ( i ~ h ) / w
i = h
a n d
y h  -  j j r
w ( n ~ 2 k ) + h
i = h
y h + ( i ~ h ) / w  fo v  t h e  n e w  m e a n s ‘
We n o w  h a v e
y h  =  ; p r
w ( n - 2 k ) + h  k  , , j - h  w ( n ~ 2 k ) + h
}h +  ( i * ~ h ) / w
i = h  j = l  i = h
f r o m  w h i c h  w e  c a n  w r i t e ,  f o r  a l l  e  > 0  ,
P r
w ( n * ~ 2 k ) + h  k
h +
13 j  p s
i - h
w
i = h 3 = 1
< €
=  P r
L
m
w ( n - 2 k ) + h
i = h
' h + ( i - h ) / w < e  1 ^ 1
<r
m e
2  9
6 0
b y  G h e b y c h e v f s  i n e q u a l i t y ? a n d  s o  1  a s  m f oo • T h u s  
y ^  ( h  ss l y « , o o , 2k )  c o n v e r g e  i n  p r o b a b i l i t y  t o  t h e  l i m i t  o f
w ( n - 2 k ) + h  k  w j l - h\r-^v r — n4*“~“~=~
¿ T  > V . 1  =  Q Rh - 1  C2 - 1 ^3 3
i = h  j = l
a s  m* a n d  w -+ »  ,  w h e r e  R^_1  =  ( p £  1  , p ^- 1  ,  , . .  ,  p ^“ 1  ) a n d  
Q =  ( i q  > I 2 » • • •  ,  QLjj.) w i t h
w £ n ~ 2 k ) + l  i - x
* 3  =  A  ^  p 3 +  W ~ ( 3 = 1 ,  . . .  , l c )  •
1=1
T o  f i n d  t h e  l i m i t  o f  q .  w h e n  m* a n d  w  t e n d  t o  i n f i n i t y ,  w e
J
h a v e
£3 ,  1 + w 1 + i  n - 2k + l
* 1  =  S *  ( P - i  +  P i  +  P i  +  . . .  +  P i  ) .0 m '  ' ' o  ^ 0  f ' j
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( n - l ) ( l - p )  + 2 p
i , e
( n - l ) J  p 2 - 2 | r  -  S % - ( n - 2 )  j p +
"  Y 1  
g i v i n g ,
\ 0  2  2  £ 2  _  c  cr
( n - l )  =  0
P =
1  -
1
TT 2c cr
( n - l )
r  -  S % ! ( n - 2 ) ±  ^  
• Y 1  Y 1
( n - l )  ( l - r ) 2 + 2 r -  ^ £ ( 2 n - 3 )
‘I
T h u s
1 -
1
2 ~ 2  c  cr
Y-
( n - l )
( n - l ) ( l - r ) 2 + 2 r  -  ■s - w - ( 2 n - 3 )
Y 1
a r e  1  -  € c o n f i d e n c e  l i m i t s  f o r  p  a n d  t h e  i n t e r v a l  b e t w e e n  
t h e m  i s  a  1  -  e  c o n f i d e n c e  i n t e r v a l « ,
( b )  T h e  v a r i a n c e  cr i s  u n k n o w n ,  —  I t  s e e m s  r e a s o n a b l e  t o  
r e p l a c e  t h i s  t e s t  b y  o n e  u s i n g  t h e  t - s t a t i s t i c  b a s e d  o n  t h e  
r a t i o  o f  N t o  t h e  s q u a r e  r o o t  o f
n
Q
i  ^
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w h i c h  i s  d i s t r i b u t e d  a s  x  o n  d e g r e e s  of* f r e e d o m ,  w h e r e  b  
i s  t h e  l e a s t  s q u a r e s  e s t i m a t o r  o f  (3 w i t h  p  s u p p o s e d  k n o w n , 
U n f o r t u n a t e l y  w e  f i n d  t h a t  N o f  ( 2 . 2 3 )  a n d  Q a r e  n o t  i n d e p e n ­
d e n t l y  d i s t r i b u t e d ,  s o  t h e  p r o p o s e d  r a t i o  i s  n o t  d i s t r i b u t e d
a c c o r d i n g  t o  t h e  t - d i s t r i b u t i o n .  H o w e v e r ,  w e  w i l l  s h o w  t h a t  
n ~ l  2
Y j ( y i  "  ^  b ( p i “ ^  )
2
2
i s  d i s t r i b u t e d  a s  x  o n  d e g r e e s  o f  f r e e d o m  i n d e p e n d e n t l y  
o f  N ,  w h e r e
2
y ± ( p  -  p )
y  ( p 1  -  p ) :Lu2
i s  n o w  t h e  l e a s t  s q u a r e s  e s t i m a t o r  o f  (3 e x c l u d i n g  t h e  f i r s t  
a n d  l a s t  o b s e r v a t i o n  i n  t h e  r e g r e s s i o n ,  w i t h  p  s u p p o s e d  k n o w n ,  
P r o m
y .  =  ¿Jp 1  +  ejL
w e  h a v e
y  =  /5p +  e  ,
n - 1
w h e r e  e  =  j p g  \  a n d  y  a n d  p  a r e  a s  i n d i c a t e d  a b o v e .
L !
2
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T h e r e f o re
y ± -  y  -  M p 1  -  p )  =  e
fx»om w h i c h  w e  h a v e  
n - 1  n ~ l
e 2 = V  ( e i  -  e ) 2 + ( n - 2 )  e 2
P u t
n - 1
= i ®(pX -  p)  ) 2 + ( n - 2 )  e 2
n - 1  2 n - 1
Q j  =  1  }  e ?  ,  Q2 -  i £ = 2l e _  a n d  Q =  ™  V  ( y . - y - M p 1 - ^ )  ) 2 - 
cr L j  cr J c r L u
2 2
2
E v i d e n t l y  a n d  h a v e  x  - d i s t r i b u t i o n  w i t h  n - 2  a n d  1  d e g r e e s  
o f  f r e e d o m  r e s p e c t i v e l y *  a n d  Q2 an(3- ^3 a r e  i n d e p e n d e n t l y
.  trad »
d i s t r i b u t e d  s i n c e  c o v (  e * e ^ ^ e ) = 0 * i = 2 * * n ~ l *
2
T h u s  h a s  a  x * ~ d i s t r i b u t i o n  w i t h  11-3 d e g r e e s  o f  f r e e d o m *  N o w
n - 1  2
Q3  =  ^ ^  ^ ( y ± -  y  -  M p 1 - ? )  ) + ( b  -  0 ) ( p 1 - p )  1
«  ~ ^ 2  ( y i  “  y  "  “ P >  ) 2  +  ( t o  -  /3 ) 2  ^  ( p 1 - p ) 2  /  c r 2
2 2
“  +  %
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s i n c e
n - 1
y H- y  -  ' b ( p 1 - p )  ( p 1 - ^ )  =  o
w h e r e
n - j _
^ y 1 - y - ' b ( p i - p )  ^ 2 / c r 2  a n d  =
n - 1
i  - n 2
( p  - p )
B y  w r i t i n g n - 1
^  ^ ( p 1  -  p )
b  -  ¡3 « n - 1
( P 1 -  p ) 2
w e  s e e  t h a t  b  h a s  a  n o r m a l  d i s t r i b u t i o n  w i t h  m e a n  /3 a n d
v a r i a n c e cr
n - 1
( p 1 -  p ) 2
.2
a n d  h e n c e  h a s  a  x  - d i s t r i b u t i o n  w i t h  o n e  d e g r e e  o f  
f r e e d o m «  A l s o , w e  h a v e  s
n - 1
( p 1 -  p )  y  e i ( p 1  ~  p )
y *  -  y  -  t > ( p ' e .  — e  -  l n - 1
( p 1  -  p ) '
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a n d  n - 1
c o v ^ e _ .  * e_. - e
( p  - p ) )  e i ( p  - p )
f e i » e i " ’
Y ,  ( p 1 - ^
2
( i ,  G =s 2 ,  o . ,  , n - l )  w h i c h  g i v e s
n~x l i
c o v (  V  e i ( p 1 - p ) ,  e . - e - ( p 1 - p ) ............... — .............—  ' j  =  0
V  L ~ J  \  V 4 0 /
>  ( P ' - P ) 2  
L i
a
2
H e n c e  c o v ( Q j :  , s q u a r e  r o o t  o f  e a c h  t e r m  o f  Q ^ )  
n - 1  n - 1
^ e i ( p 1 - p )  ( p 1 - ^ ) ^  e 1 ( p i - p )
=  — — -  * e i - ®  — - n - i g  ■- — "  )  =  0  *
\ £ W  
2  ■ 2
a n d  t h e r e f o r e  a n d  a r e  i n d e p e n d e n t l y  d i s t r i b u t e d ,
2>
T h e r e f o r e  h a s  a  d i s t r i b u t i o n  w i t h  ( n - 3 ) - l  =  n -U  d e g r e e s  
o f  f r e e d o m «  F i n a l l y ,  s i n c e
o ° - v f y ' e i  , e ±- e  -  ( p x - p )  =  o  ,
2  £  ( P ^ P ) 2
2
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we h a v e  c o v ( N  , s q u a r e  r o o t  o f  e a c h  t e r m  o f  Q ^ )
n - 1  n  n - 1
=  COVf '
^ ’* ¿ J  1  2
2 2
1 1 — O- 1 1  1 1 ~-L
( K ( ^ ,  ~  ^ e i ) »  e ^ - e - K  ^ e ^ p 1 - ^ ) ^  =  0
t
w h e r e  K a n d  K a r e  c o n s t a n t s
H e n c e  a n d  N a r e  i n d e p e n d e n t l y  d i s t r i b u t e d ,  a n d  t h e r e f o r e  
t h e  s t a t i s t i c
Q^
p Y i  -  Y 2
- - -   jjM icr.» T V  m r m i  «■■ ■ n - a *
a ( ( n - l ) ( l - p ) 2  +  2 p ) 2 
h a s  a  t - d i s t r i b u t i o n  w i t h  n - l j .  d e g r e e s  o f  f r e e d o m ,  w h e r e
n ~ 1  2  
s ' 2  =  ^  ( y i  ~  y  - 1) ( p 1 - ^ )  ^  .
2
We c a n  n o w  u s e  t h i s  r e s u l t  t o  e s t a b l i s h  a  c o n f i d e n c e  i n t e r v a l
f o r  p .  F o r  i f  c  i s  t h e  d e p a r t u r e  f o r  a  p r o b a b i l i t y  l e v e l  g
a c c o r d i n g  t o  t h e  t w o - t a i l e d  t -  d i s t r i b u t i o n  o n  n - U  d e g r e e s  o f
(2) (l)
f r e e d o m ,  t h e  c o r r e s p o n d i n g  c o n f i d e n c e  l i m i t s  p  a n d  p v 
f o r  p  a r e  t h e  l e a s t  a n d  l a r g e s t  r o o t s  f o r  p  o f  t h e  e q u a t i o n
2  r2 ,
( p  -  r )  =  —  s 2 ' f ( n - l ) ( l » p ) 2  +  2 p l  
Y]_ L J
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n - 1
2
w h e r e  s f i s  a  f u n c t i o n  o f  p  g i v e n  b y
n - 1
s ’ 2 ( P } =  £ [ ( ^ )  -  H r
V  y±( pi  
L j
( P ^ P )
n - 1£ ( y i_ ? ) 2  
2
n  -  k
n - 1
(yr y) (p ^ p )
n - 1 n - 1 J
V  (yr y )2 V  ( p ^ p ) 2  
L j L j
2 2
T h e  s i m p l e s t  w a y  o f  s o l v i n g  t h e  a b o v e  e q u a t i o n  i s  b y  i t e r a t i o n ,  
A s  a  f i r s t  a p p r o x i m a t i o n  w e  m a y  r e p l a c e  t h e  u n k n o w n  p  i n  t h e
p $
e x p r e s s i o n  f o r  s 1 b y  r  , g i v i n g  v a l u e s
1
1 -
2 r | / * n i 2c  s  C r )
»-■»Li'Vt: n.ntrnrtnspff»»
( n - l )
( n - 2 )
iji
+  o s ' ( r )
Y-
/ w  !)!s 2  * c 2 f s '  ( r ' n 2
( n - l ) ( l - r )  + 2 r - ' 2 -J *J  12 ^ ( 2 n - 3 )
1
f o r  e s t i m a t e s  o f  t h e  u p p e r  a n d  l o w e r  c o n f i d e n c e  l i m i t s  p   ^ a n d  
( 2 )
p  r e s p e c t i v e l y ,  a n d  i m p r o v e  t h e m  b y  m e a n s  o f  t h e  i t e r a t i o n
f o r m u l a o s   ^ ( 2 i ) \  2
( 2 i + 2 ) > C2 [ B ' ( p ( 2 1 ) ) ]
  — —  ( n - 2  )
t /  _ ( 2 i )  \ p  a o a c 2 T "i l 2  / s'
( n - l ) ( l - r )  + 2 r -  L l 8  S g  . .  l L ( 2 n - 3 )
( l )  ( 2 )i = l 5 2 , . 0 o ,  w h e r e  w e  s e t  p v '  =  p v '  =  r  i n i t i a l l y « ,  T h e n  
p r o v i d e d  t h e  p r o c e s s e s  c o n v e r g e *  t h e  e v e n - a f f i x e d  p Ts  t e n d  t o  
t h e  l o w e r  a n d  t h e  o d d - a f f i x e d  p f s  t o  t h e  u p p e r  l i m i t s  o f  t h e  
i n t e r v a l »
( i i )  T h e  m o r e  g e n e r a l  m o d e l
y .  =  a  +  /Sp1 + e ^  *
o
( c )  T h e  v a r i a n c e  <r i s  k n o w n .  —  W i t h  p  e s t i m a t e d  h y
t
w h e r e  a n d  a r e  d e f i n e d  i n  s e c t i o n  2 a 3 o h y  ( 2 0 l l ) ,  w e  
s i m i l a r l y  f i n d  t h a t  1  -  € c o n f i d e n c e  l i m i t s  f o r  p  a r e
82
f o r  n  e v e n  a n d  o d d  r e s p e c t i v e l y ,  w h e r e  c  i s  t h e  d e p a r t u r e  
a c c o r d i n g  t o  t h e  s t a n d a r d i z e d  n o r m a l  d i s t r i b u t i o n  a t  t h e  
p r e s c r i b e d  l e v e l  o f  p r o b a b i l i t y « ,
( d )  T h e  v a r i a n c e  cr2  i s  u n k n o w n .  —  I n  t h i s  c a s e  w e  u s e  a s  
b e f o r e  t h e  t - s t a t i s t i c « ,  F i r s t ,  c o n s i d e r  n  =  2 m .  We s h a l l  
s h o w  t h a t  t h e  s t a t i s t i c
T f L
1  s 1 i ( n - 2 ) ( l - p ) 2 + t | . p | 2
h a s  a  t - d i s t r i b u t i o n  w i t h  n ~ 8  d e g r e e s  o f  f r e e d o m ,  w h e r e
m - 1  2  n ~ l  _ 2
9a i 2  =  +  )
2 m+2
m- 1
. - x  - a .  >
“  m - 2  Y  y i  » ^ 1  “  111- 2 ^  s b l  “  m - 1
L 1 I -- 1 r — y * r>
2 2 ~P ^
2
n ~ l
y 1 ( p 1 ~ p 2 )
a n d  y 2 =  s & Y  y±  ’ 'p i  =  s f e Y 4 p 1 2  =  s i r
m + 2  ¿ J 2  Y  ( p 1 - ^ ) 2
L j
m + 2
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F r o m  ,
y ^  =  a  +  fip' +  e,
w e  c a n  w r i t e
a n d
y  =  a  +  ¡3p^_ +
y 2  «  a  -i- /3p2 +  e 2  ,
m - 1  n - 1
w h e r e  e n =  — ^  \  e .  a n d  e n =  V  e  - °1  m ~ 2  /  i  2  m - 2  /  i
2 m+2
m - 1  2  m - 1
2 2
a n d
n - 1  2 n - 1
Q2  =  ^  E ( y i  "  ■  / 3 ( p i " ^ 2 ) )  =  ^  Y j ( e i " ® 2 )  •
m + 2  m + 2
T h e n  a s  i n  t h e  p r e v i o u s  p r o c e d u r e  w e  c a n  s h o w  t h a t  a n d  Q2 
2
h a v e  x  - d i s t r i b u t i o n s  w i t h  m - 3  d e g r e e s  o f  f r e e d o m  e a c h *  a n d  
c o n s e q u e n t l y
m - 1  o
= 7  Y j (y± “ ?1 " Vp1"^ )
8k
a n d
% b 2 ^ i - p 2 )  y
m + 2
2
h a v e  x  ~ d i s t r i b u t i o n s  w i t h  m - k  d e g r e e s  o f  f r e e d o m  e a c h »  
S i n c e  a n d  a r e  s t a t i s t i c a l l y  i n d e p e n d e n t ,
o
h a s  a  x  - d i s t r i b u t i o n  w i t h  2 ( m - l + )  =  n ~ 8  d e g r e e s  o f  f r e e d o m ,
^ Y 1  ~  Y 2
Now
n - 1
p u t  N-. =
c r (  ( n - 2 ) ( l - p ) 2  + k p 2
n - 1  m - 1  n  m
m + 1  l  m + 2  2
< r ^  ( n - 2 ) ( l - p ) 2 + i + p ) 2 
T h e n  h a s  a  n o r m a l  d i s t r i b u t i o n  w i t h  z e r o  m e a n  a n d  u n i t  
v a r i a n c e .  S i n c e  c o v CN-^ , s q u a r e  r o o t  o f  e a c h  t e r m  o f  Q ) =  0
a n d  c o v (N -l ,  s q u a r e  r o o t  o f  e a c h  t e r m  o f  Q ^ )  =  0  , Q,_ a n d
a r e  i n d e p e n d e n t l y  d i s t r i b u t e d «
\  p Y [  -  y '
H e n c e  — T
( TJL .V  s 1 K n - - 2 )  ( l - p )  + 4 p } 2
\ n - 8 /
2
h a s  a  t ~ d i s t r i b u t i o n  w i t h  n - 8  d e g r e e s  o f  f r e e d o m ,  w h e r e  s ^  i s
a s  d e f i n e d  a b o v e .  P r o c e e d i n g  a s  i n  t h e  p r e v i o u s  c a s e ,  w e
c a n  n o w  d e r i v e  u p p e r  a n d  l o w e r  c o n f i d e n c e  l i m i t s  f o r  p  i n  
t h e  f o r m
1 -
^ ( p W - 1
r
Y
1 2 ( n - 2 )
c s i ( p ( 2 ) ) r . ~ * 4 c 2 [ S l ( p ( 2 ) ) ] 2  -
( n - 2 )  ( l - i > e ) +l4. r e  -  — ^ i g '  ' ' ' ' ( n ~ 3 )
’I
w h e r e
m - 1
4  (p} -  s N T  (y r y i )2 1
m - 1
J d r ^ X p 1 - ^ )
~ 2
m - 1  m - 1
Y  ( y . - y , ) 2  f  ( p i - ? 1 )
L— i L - j
2 2
n - 1
n - 1
+  7
L__i
m + 2
,  ( y i - y z ) ( p ± J p 2 )_
1 -
m + 2
n - 1 n - 1
y  (y i ~ Y ) 2 yL  L
m + 2  m +2
a n d  c  i s  o b t a i n e d  f r o m  t h e  t - d i s t r i h u t i o n  w i t h  n - 8  d e g r e e s  o f  
f r e e d o m o
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F o r  n - 2 m + l  w e  c a n  s i m i l a r l y  s h c x -  t h ? t
n - 1  m n  m + 1
T  is 2
p  ( > y ±  -  >
'  * ■■■ ll»H«'
m+ 1  1
y i s .
m+2
s 2  f ( n - l ) ( l - p )  +  6 p  y
pY-[ -  Y '
S g  ^  ( n - l )  ( l - p )  + 6
l i a s  a  t - d i s t r i h u t i o n  w i t h  n - 7  d e g r e e s  o f  f r e e d o m « ,  w h e r e
m n - 1
2  n - 7 \ .  /  Ay i  y l  “  +  ) ( y I  V2 ~ 1° 2 ^ P X~ P 2 ^
m+ 2
m
m m L _ j
-  1  V “ ' -  1  V " '  i  2
y l  _  m - l)  y i  s ^1 -  m -1 /  p  5 ^1 “  m
a n d
Y  ( p x j p ± y  
(  / ^
2
n ~ l
n  i  n l  V ' y 1 ( p 1 - p 2 )
n ~ x  n ~ x  l i
~  „  1  V~'  Tr -  1  i  , m + 2
y 2  “  m - l )  y l  ’ p 2 ~  m - l  /  * ^ 2  “  n - l
L— I L— I v , i  ■=» P
m + 2  m + 2  \  ( p  - p g ) ^
m + 2
T h u s  u p p e r  a n d  l o w e r  c o n f i d e n c e  l i m i t s  f o r  p  a r e
w h e r e
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t w o  n o r m a l  v a r i a b l e s■j;?»"—nr i » .i m , •,» — .m,;s_g*variir»
I n  m o d e l s
a n d
y i  -  & p x  +  e i  
7 ^ « +  ß p 1  +  e ±
( 2 . 2 b )
( 2 . 2 5 )
t h e  e s t i m a t o r  r  o f  t h e  n o n - l i n e a r  p a r a m e t e r  p  i s  d e f i n e d  a s  a
r a t i o  o f  t w o  l i n e a r  f u n c t i o n s  o f  t h e  o b s e r v a t i o n s . S i n c e  
t h i s  i s  a  q u o t i e n t  o f  t w o  n o r m a l  v a r i a b l e s ,  m o m e n t s  d o  n o t  
e x i s t  i n  f i n i t e  s a m p l e s ,  a n d  t h e  f o r m u l a e  ( 2 . 17 )  t o  ( 2 . 2 2 )  
o b t a i n e d  i n  s e c t i o n  2 . 5 * f o r  t h e  m e a n  a n d  v a r i a n c e  c a n  o n l y  b e  
i n t e r p r e t e d  i n  t h e  a s y m p t o t i c  s e n s e .  T h e  o b j e c t  o f  t h i s  
s e c t i o n  i s  t h e r e f o r e  t o  o b t a i n  t h e  e x a c t  f r e q u e n c y  f u n c t i o n  o f  
r  a n d  d i s c u s s ,  w i t h  n u m e r i c a l  e x a m p l e s ,  t h e  b e h a v i o u r  o f  t h e  
f r e q u e n c y  c u r v e .
L e t  Y ^  a n d  b e  t w o  n o r m a l  r a n d o m  v a r i a b l e s  w i t h
c o r r e l a t i o n  c o e f f i c i e n t  b e t w e e n  t h e m  p Q . I f  f ( Y ^ , Y 2 ) i s  t h e  
j o i n t  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  Y 1  a n d  Y ^  t h e n
f ( Y x , Y 2 )
1 1
2 TOT2 Æ 7 f  *- 2<r2 ( l - p 2 ) *-
exp :  -
M a k i n g  t h e  t r a n s f o r m a t i o n Y a n d  v  =  Y 1 , t h e  j a c o b i a n
o f  t h e  t r a n s f o r m a t i o n  i s  J  ~  v .  L e t  t h e  m a r g i n a l  o f
u  h e  f ( u ) < >  T h e n  
f  ( u )
1
2 w r 2 * / l - - p ^
oo
I v  I e x p '
■oo 2cr2 ( l - p 2 )
( v - ^  ) 2 - 2 p 0 ( v-fj .x  ) ( u v -f j ,2  ) +  ( u v - j U g  )
T h e  t e r m s  i n  s q u a r e  b r a c k e t s  m a y  h e  w r i t t e n
2 2 p n
v  ( u  - 2 p 0 u + l ) - 2 v  (\jjti2 - u P ^ - P ^ + A ^  ) + ( ^ i - 2 /°om 1'u2 +/U2   ^
2
=  a v  ~  2 h v  +  c
p
w h e r e  a  =  (u. - 2 p 0 u + l )  ^ 0 ,  h  =  ( ^ 2 ~ u P 0 ^ i “ P q^ 2 + ^ i )
2 2 
a n d  c  S3 ( ^ 1 - 2 p o p ^ p 2 + p 2 ) ^  0  , v / h e n c e
9 0
F i r s t l y ,  c o n s i d e r  t h e  c a s e  b  > 0
P u t  P  = d v
Q *
CO
v  e x p
o 2<r2 ( l - p 2 )
d v
bicssr»
a
v  e x p
a ( v - ~ ~ )  -n
v a  ’
2cr2 ( l ~ p ^ )
00
d v  + / v  e x p
&  
a
a ( v ~ ~ )
L 2<r2 { l ~ p p
d v
a n d  k  = 2cr2 ( l - p 2 ) > 0 B y  m e a n s  o f  t h e  t r a n s f o r m a t i o n
* /a  ( v + ~ )
/ / t  " w h i c h  g i v e s  u s  v  =
*/k  V a
t h e  r a n g e  o f  i n t e g r a t i o n
/ i . 2
v ( 0 , oo) b e c o m e s
b«=»
a d v  =
a n d  w e  h a v e
oo
b 2
a k
A f B T  _  b s 
a
k  - t  , e  d t
2 ^
d t
k
2 a
oo
a k
e _ t  d t
b ^
oo - t
2 a * / a  ^ 2  / / t
d t
a k
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B y  m e a n s  o f  t r a n s f o r m a t i o n  i  ? wh i c h  g i v e s  u s
V k
+  V’t E  +  rTST**"
y  =  «. _  # d v  =  -  / d t  ,  t h e  r a n g e  o f  i n t e g r a t i o n
b  *h^
v ( 0  ,  - )  " b e c o m e s  t  ,  0  )  ,
•L
a n d  v (  «  , 00) b e c o m e s  t  ( 0 9 00 )  9
a n d  w e  h a v e
a k
a n d  s o
W h e n  b  i s  n e g a t i v e 5 w e  c a n  w r i t e  b  = ~ b 1 , a n d  t h e n  P  a n d  Q 
b e c o m e
oo a  ( v  -  w  )
~ r - — 2 “  
( X - p 0 )
» 2
P  = v  e x p
0
d v
È l
a
v  e x p
oo
0
d v  + v  e x p
b 9
a
a(u - j ' ) 2
2 0 ^ ( 1  ~ p 2 )
d v
a n d
oo
Q v  e x p
_ « 2  
r  a ( v  +  «  ) .
a d v
0
I  2 cr ( 1 —P q  )
T h e  r e s t  o f  t h e  p r o c e d u r e  i s  t h e  s a m e  a s  t h e  p r e v i o u s  o n e ,  
w i t h  t h e  r e s u l t
, 2
e x p
f  ( u )
"K * 2b  -  a c .  
L-2ac r2 ( l
OO b
k
a
Ì L -
a k
1 2
© d t  +
b a k  - t
0
* / t
d t
T h u s  i n  b o t h  c a s e s  w e  f i n d  t h a t  f ( u )  h a s  t h e  s a m e  f o r m «  H e n c e
+  > b y  m e a n s  o f  t h e  t r a n s f o r m a t i o n  -  N t  =  w , a c c o r d i n g  a s  b  < 0  ,
p
w h i c h  g i v e s  u s  d t  =  2 w  d w  ? t h e  r a n g e  o f  i n t e g r a t i o n  t ( 0  , b  / a l e  )
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b e c o m e s  w (0 , t> / Vale  ) and we have
exp
f (u) =
b - ac 
_2a<r2 (l-p ^ ).
b‘
27?rr^hfx. -  p ^
b
- ~ ak 2bVk r Vak 2
Ï e + — - I e dw
a Va
0
for all real values of* b* Thus
f (u) 1  + 2 h
V a S
b* ■ ...nMraak
b
_ - w  .e dw
k
= e
2
Po
n i ( u ~ p Q) + 1 2
P o
i"
c
1  +  2rj E r f  77 (2
"b u *'p2~Po|Ul') + P"CP 0^2where rj ~ ~ ^  and
V £ F  cr 2 ( l ^ ) ( u ^ 2 p 0 u + l )
?7
Erf 77 ~ we dw* Now if the expectations an<a- Mg are
0
both zero then (2 *26) reduces to
f - ^ u )  =  — 7—
\
2
P o
u7(u-p0)2 + l = p2
( 2
O
*26)
.27)
9h
w h i c h  i s  t h e  p r o b a b i l i t y  d e n s i t y  ¡ F u n c t i o n  o f  a  C a u c h y  d i s t r i ­
b u t i o n  w i t h  m o d e  a t  u  ~  p Q • O t h e r w i s e ,  i t  s e e m s  i m p o s s i b l e  t o  
r e d u c e  ( 2 , 26) f u r t h e r .  T h e  c o m p l e t e  t a b u l a t i o n  o f  t h e  d i s t r i ­
b u t i o n  h a s  n o t  b e e n  t h o u g h t  w o r t h w h i l e  o v / i n g  t o  t h e  e x i s t e n c e
( i  i  {¿2
o f  t h r e e  d i s p o s a b l e  p a r a m e t e r s ,  v i z ,  —  , —  a n d  p Q a s  w e l l  
a s  t h e  a r g u m e n t  u .
S i n c e  t h e  d i s t r i b u t i o n  o f  u  i s  d e t e r m i n e d  b y  t h e  t h r e e  
p a r a m e t e r s  p ^ / c r  , ^ / o r  , p Q a n d  i t  d o e s  n o t  s e e m  p o s s i b l e  t o  
r e d u c e  t h e  n u m b e r  o f  p a r a m e t e r s  f u r t h e r ,  i t  i s  t h e r e f o r e  
n e c e s s a r y  t o  c o n s i d e r  s p e c i a l  c a s e s .  A c c o r d i n g l y ,  w e  h a v e  
d e t e r m i n e d  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f o r  f i v e  d i f f e r e n t  
s e t s  o f  v a l u e s  o f  t h e  p a r a m e t e r s  a n d  t h e s e  a r e  s h o r n  i n  f i g u r e s  
1  t o  5« T h e  d i f f e r e n t  c a s e s  h a v e  b e e n  c l a s s i f i e d  a c c o r d i n g  
t o  a  c o m p a r i s o n  w i t h  t h e  c o r r e s p o n d i n g  C a u c h y  d i s t r i b u t i o n ,  
w h i c h  i s  r e l a t e d  t o  t h e  r e q u i r e d  d i s t r i b u t i o n  b y  t h e  e q u a t i o n
f ( u )  =  K g ( u )
=  IC i ‘1 ( u ) i ‘2 ( ??)
c
“  hi
w h e r e  IC ~  e  ( ~  c o n s t a n t )  a n d  f - ^ u )  i s  t h e  d e n s i t y  f u n c t i o n  
o f  t h e  C a u c h y  d i s t r i b u t i o n  w i t h  m o d e  a t  u  =  p  , a s  d e f i n e d  b y  
e q u a t i o n  ( 2 , 27 ) ?  a n d  f g i 7?)  ,
2
f 2 (??)  =  1  +  2 E r f  77 ®
F o r  t h e  p u r p o s e s  o f  n u m e r i c a l  c o m p u t a t i o n  f 2 ( 77) w a s
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e v a l u a t e d  f r o m  t h e  s e r i e s  e x p a n s i o n
t 2 ( v )  =  i  +  ^  c i P a j
1 * 1
w h i c h  i s  c o n v e r g e n t  f o r  a l l  r e a l  v a l u e s  o f  rj s i n c e 9 b y  
D ’A l e m b e r t ’ s  r a t i o  t e s t  f o r  a b s o l u t e  c o n v e r g e n c e ,  t h e  a b s o l u t e  
r a t i o  o f  s u c c e s s i v e  t e r m s
T i +1
T .
1
_  ê $ L
~  2 i + l
*-5* 0 a s  i  —> oo &
T h e  c l a s s i f i c a t i o n  o f  t h e  r e s u l t i n g  c u r v e s  i s  b a s e d  
e s s e n t i a l l y  o n  t h e  c r i t e r i o n  t h a t  t h e  m u l t i p l i c a t i o n  o f  t h e  
o r d i n a t e s  o f  t h e  C a u c h y  c u r v e  b y  t h e  f a c t o r  f ^ ( 77) h a s  t h e  
e f f e c t  o f  s h i f t i n g  t h e  m o d e  o f  t h e  c u r v e  t o  t h e  l e f t  o r  t o  t h e  
r i g h t  a c c o r d i n g  a s  p  > p Q ? w h e r e  p  ( w h i c h  c o r r e s p o n d s  t o  t h e  
n o n - l i n e a r  p a r a m e t e r  o f  m o d e l s  ( 2 * 2^ )  a n d  ( 2#25 ) ) i s  d e f i n e d  
b y  p  ~  0 r e s u l t  m a y  b e  e s t a b l i s h e d  a s  f o l l o w s «
I t  w i l l  b e  e v i d e n t  t h a t  w h e r e a s  i s  s y m m e t r i c  a b o u t
u  =  p Q a n d  t h e  m u l t i p l y i n g  f u n c t i o n  i s  a n  e v e n  ^ n o t i o n
o f  77 w h i c h  h a s  t h e  m i n i m u m  v a l u e  u n i t y  a t  t h e  p o i n t
P0P2 ”  
o  p 2  -  p 1 p Q
t h e  l a t t e r  f u n c t i o n  i s  n o t  s y m m e t r i c  w h e n  e x p r e s s e d  a s  a  
f u n c t i o n  o f  u ,  a n d  t h e  r e s u l t i n g  c u r v e  o f  f ( u )  i s  t h e r e f o r e
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n o t  a  s y m m e t r i c  c u r v e »
t h a t
&  -  p °  ( p  i  u ) p i .
d u  ~  ro r / ' "~\*2 r  ¿ T T 3 7 2 *
° ^ 2  i ( ^ - p 0 ) + l ~ p 0  j
a n d  t h e r e f o r e  t h e  g r a p h  o f  77 v e r s u s  u  i n c r e a s e s  m o n o t o n i c a l l y
f o r  u  < p  a n d  d e c r e a s e s  m o n o t o n i c a l l y  f o r  u  > p  * a t t a i n i n g
a  m a x i m u m  w h e n  u  »  p  * A l s o *  w e  h a v e
( p ~ p Q ) / ^ i
rj -  ~ w h e n  u  = +  00 ,  
t r V 2 ( l - p  )
T o  o b t a i n  t h e  f o r m  o f  t h e  m u l t i p l y i n g  f u n c t i o n *  w e  n o t e
( p - P q ) ^ !7? a  ~  “ 72S S S S S S  w h e n  u  =  -  00
< n h ( l - p i )
o - l
a n d  n  =  0  w h e n  u  = u  =  —
7 o  p ~ p 0
C a s e  p  < p  :o
2
S i n c e  p o  < 1  * w e  h a v e
p o p  ~  1  < ( p - p 0 ) p 0  , 
a n d  t h e r e f o r e *  i n  t h i s  c a s e *  u Q > p Q a n d  t h u s  p , p  * u q 
o c c u r  i n  t h e  o r d e r
p  < Po < u o  •
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T h u s  t h e  g r a p h  o f  77 v e r s u s  u  w i l l  h a v e  t h e  f o r m  d e p i c t e d  i n  
t h e  d i a g r a m  h e l o w o
A c c o r d i n g l y *  t h e  f o r m  o f  f 2 (??) p l o t t e d  a g a i n s t  u *  a n d  a l i g n e d  
w i t h  t h e  C a u c h y  c u r v e *  i s  a s  s h o w n  i n  t h e  f o l l o w i n g  d i a g r a m »
T h u s  t h e  m o d e  o f  t h e  C a u c h y  c u r v e  f a l l s  “b e t w e e n  t h e  m a x i m u m  
a n d  m i n i m u m  o f  f ^ C 7? ) 011 a  s e c t i o n  o f  n e g a t i v e  g r a d i e n t  w i t h  
r e s p e c t  t o  u *  T h e r e f o r e  t h e  m o d e  o f  t h e  r e s u l t i n g  c u r v e  f ( u )  
w i l l  “b e  s h i f t e d  t o w a r d s  t h e  l e f t »
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C a s e  p  > p  :
B y  t h e  s a m e  r e a s o n i n g  a s  a b o v e *  w e  n o w  h a v e
u o  < P 0  < P '
a n d  t h e  g r a p h  o f  77 v e r s u s  u  w i l l  h e  a s  f o l l o w s •
A c c o r d i n g l y *  t h e  f o r m  o f  ^ ( 77) c o m p a r e d  w i t h  C a u c h y  c u r v e  i s  :
i n  a  r e g i o n  o f  p o s i t i v e  g r a d i e n t  o f  w i t h  r e s p e c t  t o  u *
T h e r e f o r e  t h e  m o d e  o f  t h e  r e s u l t i n g  c u r v e  f ( u )  i s  s h i f t e d  
t o w a r d s  t h e  r i g h t o
9 9
C a s e  p  = p Q '•
H“I n  t h i s  c a s e  w e  h a v e  u Q -  -  oo 9 a n d  t h e  c u r v e s  o f  77 a r  
£ 2 (7]} a g a i n s t  u  a r e  s y m m e t r i c  a b o u t  p  =3 p  , T h e r e f o r e  t h e  
r e s u l t i n g  c u r v e  f ( u )  i s  i n  t h i s  c a s e  s y m m e t r i c  a b o u t  p  =  p  • 
T h e  a b o v e  t h r e e  c a s e s  c a n  b e  s u m m a r i z e d  i n  t h e  f o l l o w s
t a b l e s
R e l a t i o n  
b e t w e e n  
P a n d  p Q
V a l u e  
o f  n C o n c l u s i o n
Oav 
!i
I,.,.. 
■, 
...........i
u  > 0  0 m o d e  o n  t h e l e f t  o f  p  r o
p  > p 0
P 2  1
u  > 0  0 < m o d e  o n  t h e r i g h t  o f  p Q
!! "O O &
i 
°«
.
1 1__
__
__
__
__
__
__
_
m o d e  a t  p Q
F r o m  f i g u r e s  1  t o  5  w e  s e e  t h a t  t h e  f r e q u e n c y  c u r v e s  d 
a r e  u n i m o d a l *  s y m m e t r i c  i n  f i g u r e  5 ( p  ~  p  ) a n d  u n s y m m e t r i c  
i n  f i g u r e s  1  t o  ¿4,  I n  f i g u r e s  2 9 3 ? f ( u )  i s  o f  p o s i t i v e  
s k e w n e s s  w h i l e  i n  f i g u r e  1 ,  i s  o f  n e g a t i v e  s k e w n e s s *  c o r r e s ­
p o n d i n g  t o  t h e  s h i f t i n g  o f  t h e  m o d e  t o w a r d s  t h e  r i g h t  a n d  t i  
l e f t  r e s p e c t i v e l y ®
1 0 0
f#C*0
K * )
cIMS» K f e  *. « * * i
Ì P o C a  ♦
/ 0 « ò * 8  
/ ^ f s  i * &
j@ SS © 8§
À a .
• * i
o*7
O i b

# < 0
r  ^  î >2 J §
¿s3L«0
•  S W
c r ^ s  i * s r
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T h e  c a l c u l a t i o n  of* f - ^ ( u )  a n d  f ( u )  o v e r  t h e  r a n g e  -  3  ^  u  < k * 5  
a t  i n t e r v a l  0 * 1  h a s  h e e n  d o n e  o n  a n  E l l i o t t  5 0 3  C o m p u t e r  i n  
ALGOL u s i n g  t h e  f o l l o w i n g  p r o g r a m m e
i n t e g e r  3 ; r e a l  u , X l , X 2 i p , a , K ;
r e a d  X 2  , X I  ,  r a
e n d
K : »  e x p (  -  ( X l Í 2 + X 2 2 f c 2 ~ 2 # r # X l # X 2 ) / ( 2 « a #  ( l - r Í 2 ) ) ) |
f o r  u s  =  - 3  s t e p  0 * 1  u n t i l  I + . 5  d o
r e a l  f l ,  f  ,  g  ,  s u m  , T  ¡ t e r m : =  1  ¿ s u m s  =  0  j 
T :  =  ( ( u * ( X 2 - r * X l ) + X l - r # X 2 ) Í 2 ) / ( a # ( l - r ! t 2 ) *  ( u Í 2 - 2 * r * u + l ) ) \
•bf o r  j s ~  1  ? 3 + 2  w h i l e  t e r m  
b e g i n  t e r m : =  ( t e r m * T ) / 3  ;
d o
s u m :  =  s u m  +  t e r m
e n d ;
£ 1  s =  s g r t  ( ( l - r Í 2 ) ) / ( 3 . 1 U 1 5 9 2 #  ( u $ 2 - 2 * i * * u + l ) )  ;
p r i n t  f l  9 f
e n d
L a t a
1 2 3 b 5
X 2 »  ju2 0 . 8 1 * 2 2  ♦ 6 I).* 2 1 . 5
X I  - 1 * 6 1*1+ 2 * 0 k ° o 2 . 0
II ■O o 0 . 6 0*5 0 . 9 0 . 9 5 0 . 7 5
a  =  cr2 2 * 0 1 . 0 1 . 5 2 . 0 1 . 0
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CH A PTE R 3  
A P P L I C A T I O N S
3 » 1 .»_ ,J n t r Q d L i c t i o n  
I n  t h i s  c h a p t e r  w e  d i s c u s s  t h e  a p p l i c a t i o n  o f  o u r  p r o ­
p o s e d  m e t h o d  a n d  c o m p a r e  i t  w i t h  C o r n e l l ' s  m e t h o d *  T h e  
n u m e r i c a l  e x a m p l e s  c o n s i d e r e d  a r e  t a k e n  f r o m  C o r n e l l  ( 1 9 6 2 ) *  
F u r t h e r  e x a m p l e  i s  g i v e n  f o r  t h e  a p p l i c a t i o n  o f  t h e  m o d e l
y i  =  a  +  (3p +  e i
w i t h  " b r i e f  c o m p a r i s o n  w i t h  P a t t e r s o n ' s  a n d  T a y l o r ' s  e s t i m a t o r s *
T h e  d a t a  i n  T a b l e  I  i s  g i v e n  b y  C o r n e l l  ( 1 9 6 2 )  a n d  d e s c r i b e  
t h e  d e c a y  o f  t h e  n e u t r o n  d e n s i t y  i n  a  m e d i u m - s i z e d  a s s e m b l y  o f  
b e r y l l i u m .  T h e  o b s e r v e d  v a l u e s  y  a r e  m a d e  a t  e q u a l l y  s p a c e d  
t i m e  i n t e r v a l s  o f  0 , 1  m i  H i  s e c o n d s  *
T a b l e  I
D e c a y  o f  t h e  n e u t r o n  d e n s i t y  i n  a  m e d i u m - s i z e d  
a s s e m b l y  o f  b e i ^ l l i u m
i 0 1 2
TJf-r^-n ir-T W tlriT
3
JST— aifrTTTta
4 5
y  • 171 100145 7 8 0 0 5 6 0 3 0 3 4 6 4 8 5 36205 2 8 2 7 5
i 6 7 8 9 10 1 1
n 2 1 7 0 5 1 6 9 5 5 1 3 0 4 5 1 0 0 8 5 7 8 3 5 6165
i 1 2 1 3 1 4 1 5 1 6 1 7
n 4 7 8 2 3 7 8 0 2 9 1 5 2 2 4 9 1 7 5 2 1 3 9 5
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C o r n e l l f s  e s t i m a t o r s  of* p  a n d  ¡3 a r e
=  0 . 7 7 6 0 6  a n d  b  «  IOOOI4.3 c  o
r e s p e c t i v e l y »  F o r  o u r  e s t i m a t o r s  w e  h a v e
f - ( ¡ [ » / ( E ’O 
1  0
=  ( 3 U 1 9 3 8  ) /  ( M4-O688 )
=  0 . 7 7 5 9 2  ,
a n d  s u b s t i t u t i n g  t h e  v a l u e  of* r  i n
1 7  1 7
y .  «  b  > r  ,* 1D \
1
1
w e  o b t a i n
1 7  1 7* - ^ y»/rv?l'
1  1
= ( 3 4 1 9 3 8  ) /  (  3 . 4 1 6 3 5  )
=  1 0 0 0 8 9  .
T a b l e  I I  s h o w s  t h e  i n d i v i d u a l  c a l c u l a t e d  d i f f e r e n c e s  F r o m  t h e  
o b s e r v e d  v a l u e s  f o r  C o r n e l l f s  a n d  o u r  e s t i m a t o r s 9 d e n o t e d  b y  C 
a n d  A  r e s p e c t i v e l y .  F r o m  t h e  t a b l e  w e  h a v e
1 7
-  b r 1 j 2  =  2 8 2 3 8 0  f o r  A
0
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a n d  )  ( y .  -  b r 1 ) 2  =  315265 f o r  C
L-j
0
T a b l e  I I
1 7
A 0
i * 1 j y i  - b r 1 ! ( y i -  b r 1 )2 j -  b r 1 j ( y i  -  b r 1 )2
0 1 0 0 1 1 + 5 5 6 3 1 3 6 102 101+01+
1 7 8 0 0 5 31+1+ 118336 366 133956
2 ; 60305 1+6 2116 5 2 2701+
; 3 1+61+85 2 7 1 731+1+1 2 7 5 7 5 6 2 5
ij. 3 6 2 0 5 71+ 51+76 81+. 7 0 5 6
3 2 8 2 7 5 125 1 5 6 2 5 1 1 3 1 2 7 6 9
6 2 1 7 0 5 1 3 7 1 8 7 6 9 150 22500
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= 2 2 2  2 " ~  *"3 y 0 + 3 y 1 + 3 y 2 + 3 y 3 - 2 y 0 y 1 - 2 y 0 y 2 - 2 y 0 y 3 ~ 2 y 1 y 2 - 2 y 1 y 3 - 2 y 2 y 3
w i t h  v a r i a n c e
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cr 2  ( 6 + 9 , o + 1 0 p 2 + 1 0 p 3 + l O p t - 9 p 5 + 6 p 6 )
T /32 ( l - p ) 2 ( 3+ kp + 6 /? + kp~ >+ 3 p ^ ) 2
B y  c o m p a r i n g  t h e  v a r i a n c e  w i t h  t h e  a s y m p t o t i c  v a r i a n c e  o f  t h e  
m a x i m u m  l i k e l i h o o d  e s t i m a t o r  g i v e n  h y  t h e  f o r m u l a
v(£)
2 2  fcr p  n
/3£ n
P
P
21
P
21
\  1 Y ~ \  2 1
l  p  )  i  p
i  p
2 11 p
. 2  2 i  
1 P
w e  f i n d  t h a t  t h e  e f f i c i e n c y  o f  r  i s  l o w e r  t h a n  t h a t  o f  r p  o v e r  
t h e  w h o l e  p r a c t i c a l  r a n g e  o f  v a l u e s  o f  p  * We t h e r e f o r e
f
s u g g e s t  t h e  a l t e r n a t i v e  e s t i m a t o r  r  d e f i n e d  "by
1*  y 5  ~  y 2  "  2 y  
2 y ,  +  y 2  -  y x  -  2 y Q
w h i c h  h a s  a  v a r i a n c e
V ( r ' )  =
<r 2 ( 5  +  5 p  -  3 p )
/32 ( l - p ) 2  ( 2  +  3 p  +  2 p 2 ) 2
a n d  a n  e f f i c i e n c y  h i g h e r  t h a n  r p  a n d  r ^ ,  a t  t h e  h i g h e r  v a l u e s  
o f  p  ,  a s  s h o w n  i n  T a b l e  V I  „
12U
T a b le  VI
P e r c e n ta g e  E f f i c i e n c i e s  o f  t h e  e s t i m a t o r s
n  =  4 n  =  5
p r P , 1 . 2 5 r T £ = r P , l
T*
r P r T
* i
V
0 , 1 9 5 .  4 9 9 . 8 8 3 . 5 8 6 . 5 9 9 . 4 6 5 . 8
0 . 2 9 8 . 6  • 9 9 . 4 8 9 . 5 9 5 . 7 9 8 . 0  : 7 6 . 4
0 . 3 9 9 . 8 9 9 . 2 9 3 . 4 9 9 . 2 9 6 . 6 8 4 . 7
Q .k 9 9 . 9 9 9 . 2 9 6 . 0 9 9 . 9 9 5 . 5 9 0 . 5
0 . 5 9 9 . 4 9 9 . 4 9 7 . 6 9 8 . 9 9 5 . 0 9 4 . 5
0 . 6 9 8 . 5 9 9 . 6 9 8 . 7 9 6 . 9 6 9 5 . 5 9 6 . 9 7
0 . 7 9 7 .  4 9 9 . 8 9 9 . 4 9 4 . 7 9 4 . 9 9 8 . 6
0 . 8 9 6 . 3 9 9 . 9 9 9 . 8 9 2 . 3 9 5 . 1  ' 9 9 . 4
0 . 9 9 5 . 3 1 0 0 9 9 . 9 90.0 9 5 . 3  : 9 9 . 9
H e r e  r p  1 or. i s  d e f i n e d  "by
-IT ^  d* {i ¿ i V
P . 1 . 2 5
5 y 1
^ 2  +  “  5 y 0
P r o m  t h e  t a h l e  w e  s e e  t h a t  r p  i s  s u p e r i o r  t o  r , p  i n  t h e  r a n g e
% i
0 * 3  < ,o < 0 o 7  a n d  t o  r  f o r  p  < 0*6  9 a n d  t h a t  t h e  e s t i m a t o r
•X* f
r  i s  s u p e r i o r  t o  h o t h  r p  a n d  r ^  f o r  p  ^  0 * 6  * T h u s  T a y l o r ’ s  
e s t i m a t o r  i s  p r e f e r a b l e  f o r  p  < 0 * 3  » P a t t e r s o n ’ s  f o r
0 . 3  < p  < 0 , 6  a n d  o u r  a l t e r n a t i v e  e s t i m a t o r  r  f o r  p  ^  0 * 6  * 
T h e  i n v e s t i g a t i o n  o f  t h e  e f f i c i e n c y  o f  r ^  f o r  h i g h e r  n  
i s  v e r y  d i f f i c u l t  b e c a u s e  o f  t h e  c o m p l i c a t e d  a n d  t e d i o u s  w o r k  
n e e d e d  f o r  o b t a i n i n g  t h e  f o r m u l a  f o r  t h e  a s y m p t o t i c  v a r i a n c e .
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T h e  c o m p l i c a t i o n  i s  d u e  t o  t h e  l a r g e  n u m b e r  o f  t e r m s  i n  h o t h  
t h e  n u m e r a t o r  a n d  t h e  d e n o m i n a t o r «
We n o w  a p p l y  t h e  t h r e e  e s t i m a t o r s  a b o v e  t o  a  n u m e r i c a l  
e x a m p l e *  T h e  d a t a  i n  T a b l e  V I I  i s  g i v e n  b y  S t e v e n s  ( 1 9 5 1 ) »  T h e  
o b s e r v e d  v a l u e s  y  d e s c r i b e  t h e  t o t a l  y i e l d s  o f  w h e a t  i n  k g s  o v e r  
f i v e  p l o t s  o f  a  L a t i n  s q u a r e *
T a b l e  V I I
I o  1  2 3 4
y i 4 4 . 4  5 4 . 6  6 3 . 8  6 5 . 7  6 8 . 9
*  t
F o r  r p  a n d  r  t h e  e s t i m a t e s  a  a n d  b  o f  a  a n d  ¡3 a r e  o b t a i n e d  
f r o m  t h e  l i n e a r  r e g r e s s i o n  o f  y ^  o n  t h e  e s t i m a t e d  p 1 0 F o r  
T a y l o r ! s  m e t h o d ,  b  i s  o b t a i n e d  f r o m  t h e  l i n e a r  r e g r e s s i o n  o f  y ^
i
o n  t h e  e s t i m a t e d  p  ,  a n d  a  i s  o b t a i n e d  s i m u l t a n e o u s l y  w i t h  r  
f r o m  t h e  l i n e a r  r e g r e s s i o n  o f  y ^  o n  T h e  t a b l e  b e l o w  s h o w s
t h e  e s t i m a t e s  r ,  b ,  a  o f  p ,  ¡3$ a  a c c o r d i n g  t o  t h e  d i f f e r e n t  
m e t h o d s ,  a s  w e l l  a s  t h e  m a x i m u m  l i k e l i h o o d  e s t i m a t e s  o b t a i n e d  b y  
S t e v e n s *  A l s o  s h o w n  a r e  t h e  r e s i d u a l  s u m s  o f  s q u a r e s  a n d  t h e  
v a r i a n c e s  o f  r  *
M e t h o d E s t i m a t e s
I'll”1 iHTl-.l-
R e s i d u a l  s u m
V ( r )
r b a o f  s q u a r e s
P Oo 610 -  2 8 . 6 6 7 2 . 9 3 0 3,602300 0 . 0 0 6 9 6 2 5
T o # 606 : -  28.30 72.670 3 . 6 4 1 9 9 3 0.0072632
A f 0 * 5 8 9 -  2 8 . 0 2 7 2 . 1 4 9 3 . 5 8 6 4 9 8 0 . 0 0 6 7 5 0 5
S 0 . 5 9 7 -  2 8 . 2 4 7 2 . 4 3 0 3 . 5 6 9 2 5 6 ____ O . O O 65654
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( i v )  F o r  t h e  c a s e  o f  s i x  o b s e r v a t i o n s  w e  h a v e
r P  =
U y 3 + U y ^  +  2 y ^  -  3 y g  -  7 y
1
U y ^  + U y 3  +  2 y 2  -  3 y 1  -  7 y 0
w i t h  v a r i a n c e  
V ( r „ )
/ ^ ( l - p ) 2  ( f+p3  +  8 p  +  l O p  +  7 )
a n d
$3? y Ì
F i
y l  
^ 0
w i t h  v a r i a n c e  
V ( ? )
cr
1 ^ ( 1  - p ) 2  ( 1  +  2 p  +  2  p 2  + p
R e g a r d i n g  e f f i c i e n c y *  w e  f i n d  t h a t  r  i s  s u p e r  i  01s t o  r p  f o r  
p  ^  Oolo  We c a n  a l s o  s u g g e s t  t h e  a l t e r n a t i v e  e s t i m a t o r
r  =
w i t h  a  v a r i a n c e  
❖ ?
1 3 y B +  3 y h 2 y ,
3 y ^  +  3 y 3  -  2 y 1
i+y-
" i y o
V ( r  ) <r 2 ( 1 9  +  1 9 p  -  1 7 o )  
/ f ( l - p ) 2 ( k  + 6 p  +  6 p 2  + 3 p 3 ) 2
w h i c h  i s  s m a l l e r  t h a n  t h a t  o f  r p  f o r  p  ^  0 * 6 *  T h e  t a h l e  b e l o w  
c o m p a r e s  t h e  r e l a t i v e  e f f i c i e n c i e s  o f  t h e  t h r e e  e s t i m a t o r s  o v e r  
t h e  r a n g e  0 * 5  <  p  < 0 * 9 °  T h e  c o m p a r i s o n  i s  m a d e  i n  t e r m s  o f  
t h e  m u l t i p l i e r s  o f  t h e  f a c t o r  cr2 / [ / 3 2 ( l * ~ p ) 2 ] i n  t h e  e x p r e s s i o n s  
f o r  t h e  v a r i a n c e s *  T h e  s m a l l e r  t h i s  m u l t i p l i e r  t h e  g r e a t e r  
t h e  e f f i c i e n c y  o f  t h e  e s t i m a t o r  f o r  t h e  s a m e  v a l u e  o f  p  *
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n  =  6
M u l t i p l i e r o f  cr2 / i / £ ( l - p ) 2 }
P r}* * 1
r p r V
0 . 5 0 . 3 7 3 4 0 0 . 4 3 5 4 0 . 3 8 7 0 0
0 * 6 0 . 2 8 9 0 6 0 . 3 0 9 0 0 . 2 8 8 7 6
o * 7 0 . 2 2 9 6 0 0 . 2 2 8 0 0 . 2 2 1 6 3
Oo 8 0 . 1 8 7 0 0 0. 17 U2 0 . 1 7 4 7 5
Oo 9
t s a c ^ g = i r a a W ia a a
0.15500 0 . 1 3 7 3  : O .14 114
We n o t i c e  f r o m  t h e  t a b l e  t h a t  r  t a k e s  t h e  l e a d  o v e r  
r  a t  p  ^  0 * 8  «
( v )  F o r  n = 7  w e  h a v e
+  y r  4*
I V  =
w i t h  v a r i a n c e
V ( i O  =
or 8 ( 1  +  o  -  o )
a n d
P  / ( 1 - p ) 2  ( 2  +  3  P  + 3 p 2  +  2 p 3  +  p b 2
* y 6  +  y 5 +  y k  -  y 3  -  y 2  "  y l
• y *  — » taasspx^ . d c s a t e s »  i3BS=ms=&K2^st:*vr= = m n arw r. ■, n n —tt"<«aam ito f
~ y5 + yu + y3 -  y2 -  yx ~ y0
w i t h  v a r i a n c e
Y ( t )  _  _ - 2 L.....................   ,6 ( 1  -  j a } ______________
/ ^ ( l - p ) 2  ( 1  + 2 p  +  3 p 2  + 2 p 3  +  p b
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$
A s  s h o w n  i n  t h e  t a b l e  b e l o w « ,  t h e  e s t i m a t o r  r  h a s  l o w e r
e f f i c i e n c y  t h a n  r p  f o r  t h e  w h o l e  p r a c t i c a l  r a n g e  o f  p  ,  b u t  i t
b e c o m e s  c l o s e r  t o  t h a t  o f  r p  a s  p  i n c r e a s e s *  T h e  m o d i f i e d
( a l t e r n a t i v e )  e s t i m a t o r  r f d e f i n e d  b y
* T 3 ^ 6  *  3 y 5  U h  ~~ y 5 ~  3 y 2  ~  3 y l
*  =  3y5 + 3 y 4  + y 3  “  y2 -  3 y l  "~3y0
w i t h  v a r i a n c e
V ( r  ) ~  / ( l - p )2 ( 3  + 6p  + 7 P 2  + 6p 3 +  3 p h ) 2
*
h a s  a n  e f f i c i e n c y  h i g h e r  t h a n  t h a t  o f  r  f o r  t h e  w h o l e  p r a c t i c a l  
r a n g e  a n d  h i g h e r  t h a n  t h a t  o f  r p  f o r  v a l u e s  o f  p  > 0*6 .
n  =  7
A
M u l t i p l i e r  o f  ( r^  / ( / 9 ^  ( l  —p ) 2 )
P
V-r,P
*
r
* 1
r
0 .1 1.3386 3 . 5 9 6 7 2 . 4 9 9 4
0.2 0.8968 2.13 18 1 . 4 7 5 7
0 . 3 0.6050 1 . 2 6 9 7 0.8756
0.A4- 0 . 4 1 3 7 0.7700 0,5270
0 . 5 0.2882 0 . 4 7 9 8 0 . 3 2 4 6
0.6 0 . 2 0 5 3 0.3090 0.2063
0 . 7 0 . 1 4 9 8 0.2244 0 . 1 3 5 8
0.8 0 . 1 1 1 8 0.1422 0.0928
0 . 9 0.0852 0.1012 O .0657
% -
F r o m  t h e  c o m p a r i s o n  b e t w e e n  r  a n d  r p  f o r  n  =  6 ,  7  w e
t h u s  s e e  t h a t  f o r  n  ~  5 *  7> a s  p  i n c r e a s e s ? t h e  e f f i c i e n c y  o f
*5*
r  i n c r e a s e s  a n d  b e c o m e s  c l o s e r  t o  t h a t  o f  r p  ,  a n d  f o r  n = 6  9
r  b e c o m e s  s u p e r i o r  t o  r p  a t  t h e  h i g h e r  v a l u e s  o f  p  *
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CHAPTER k
THE METHOD OP MINIMUM D E V I A T I O N S
A o l »  I n t r o d u c t i o n
I n  t h i s  c h a p t e r  w e  a p p l y  t h e  m e t h o d  o f  m i n i m u m  d e v i a t i o n s  
t o  t h e  p r o b l e m  o f  e s t i m a t i n g  t h e  u n k n o w n  p a r a m e t e r s  i n  t h e  
l i n e a r  a n d  n o n - l i n e a r  m o d e l s ®  A l s o  w e  d i s c u s s  t h e  e f f e c t  o f  
s m o o t h i n g  o u t  t h e  f l u c t u a t i o n s  c o m p a r e d  w i t h  t h e  m e t h o d  o f  
l e a s t  s q u a r e s ®
T h e  m e t h o d  i s  b a s e d  o n  t h e  a s s u m p t i o n  t h a t  t h e  e r r o r  
t e r m s  a r e  d i s t r i b u t e d  a c c o r d i n g  t o  t h e  L a p l a c e  l a w ®  I f  y  h a s  
a  L a p l a c e - d i s t r i b u t i o n  t h e n  I t s  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  
f ( y )  i s  o f  t h e  f o r m
T h e  m e t h o d  o f  m i n i m u m  d e v i a t i o n s  w a s  p r o p o s e d  b y  
P « Y o E d g e w o r t h  ( s e e  ( 5 ) > ( 6 ) , ( 7 )  ) °  H e  c o n s i d e r e d  t h e  m e t h o d  
p r e f e r a b l e  t o  t h e  m e t h o d  o f  l e a s t  s q u a r e s *  p a r t i c u l a r l y  w h e n  
t h e  o b s e r v a t i o n s  w e r e  w h a t  h e  c a l l e d  " d i s c o r d a n t 1** i ®e ® w h e n  
t h e  o b s e r v a t i o n a l  e q u a t i o n s  h a d  l a r g e  r e s i d u a l s ®  .
f ( y )  =  ^  e ( A > 0  * -  oo < y  < oo )
a n d  i n  p a r t i c u l a r
£ ( y )  =  §  e
y-M
w h e n  A =  1
1 3 0
k . 2
L e t  t h e  o b s e r v a t i o n s  y  ,  y ^ *  0 * o  * y ^  h e  r e p r e s e n t e d  h y
n
t h e  s i m p l e  l i n e a r  m o d e l
y ± =  fi  +  e i  , ( 4 . 1 )
w h e r e  e ^  h a v e  L a p l a c e  d i s t r i h u t i o n s o  T h e  m e t h o d  c o n s i s t s  o f  
o b t a i n i n g  t h e  v a l u e  / I  o f  ¡j, w h i c h  m a k e s
S =
n
i = l
y ± -  n
a  m i n i m u m o  S i n c e  t h i s  c o r r e s p o n d s  t o  m a x i m i z i n g  t h e  l o g -  
l i k e l i h o o d  f u n c t i o n n
l O g  L  as l o g f(yi)
i = i
ss c o n s t a n t
n
i s l
t h e  m i n i m u m  d e v i a t i o n s  e s t i m a t o r  i s  i n  t h i s  c a s e  t h e  m a x i m u m  
l i k e l i h o o d  e s t i m a t o r *  We w i l l  s h o w  t h a t  t h e  m i n i m u m  d e v i a -  
t i o n s  e s t i m a t o r  i s  t h e  s a m p l e  m e d i a n  ¡ 1 - y  , E d g e w o r t h  c a l l s  
t h i s  t h e  s i m p l e ,  m e d i a n *  F i r s t *  l e t  t h e  s a m p l e  s i z e  n  b e  o d d  
a n d  w r i t e  n = 2 m - l *  
o f  m a g n i t u d e  s u c h  t h a t  y-j_ < y 2  <
A r r a n g e  t h e  v a l u e s  y ^  i n  a s c e n d i n g  o r d e r
y m < . . . < y.n T h e
s i m p l e  m e d i a n  i s  t h e  v a l u e  fj. =  y.m B y  s u b s t i t u t i n g  ¡1 =  y m
f o r  / i  * w e  g e t
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S
1=1
=  (ju -  J j )  + + &  ~  y m - l ) + ( y m + l  "  ^ ) + + ( y n  -  £ )  .
N o w  i f  w e  r e p l a c e  ¡2  b y  ^  =  ¡2  +  cF f o r  s u f f i c i e n t l y  s m a l l  S  > 0  9 
w e  g e t  f o r  t h e  s u m  o f  m o d u l i
S 1  =  S +  mcf -  ( m - l ) c f  > S
a n d  i f  w e  r e p l a c e  ¡1 b y  ¿¿2  =  jl  -  S  9 w e  g e t
S g  =  S -  ( m - l ) c F  +  mcF > S <,
T h u s  t h e  s a m p l e  ( s i m p l e )  m e d i a n  i s  t h e  v a l u e  w h i c h  m a k e s  S a  
m i n im u m « ,  N ow  c o n s i d e r  t h e  c a s e  w h e n  t h e  s a m p l e  s i z e  n  i s  e v e n  
a n d  w r i t e  n=2m<, A r r a n g e  t h e  v a l u e s  y ^  i n  a s c e n d i n g  o r d e r  o f  
m a g n i t u d e  s u c h  t h a t  < J 2 < • • • < Ym+x  < 0 * * < y n  °
s u b s t i t u t i n g  fi  = y  f o r  ¡2  9 w e  g e t
N ow  i f  w e  r e p l a c e  / i  b y  / i 1 =  ¡2 + <F , w e  g e t  s u m s  o f  m o d u l i
S f »  S +  m<F ~  mcF =  S f o r  a l l  cF s u c h  t h a t  0  < <f < y  -, -  y  s
J  m+ 1  m *
a n d  S f =  S +  ( m - l ) c F  -  ( m - l ) < F  =  S f o r  of =  y m + 1  ~  0
n
i = l  
=  ( M - y 1 ) + +(yn-£) c
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A g a i n ,  i f  w e  r e p l a c e  f l  ~  y m b y  = £  -  $  a n d  £  =  y m + 1  "by 
"by ¿¿2 =  £  + 9 f o r  a l l  s u f f i c i e n t l y  s m a l l  S  > 0  ,  w e  g e t  s u m s
o f  m o d u l i
S-^ s= S -  ( m - l j d '  +  ( m + l ) c T  > S
a n d  =  S +  ( m + l ) c f  -  ( m - l ) < F  > S r e s p e c t i v e l y  .
T h u s  t h e  e s t i m a t o r  o f  ¡j, w h i c h  m a k e s  S a  m i n i m u m  w h e n  t h e  
s a m p l e  s i z e  n  i s  e v e n  i s  a n y  v a l u e  o f  ji i n  t h e  r a n g e
y m < ^  < y m + l  *
U » 3 o  T h e  w e i g h t e d  m e d i a n  
S u p p o s e  t h e r e  a r e  w e i g h t s  a t t a c h e d  t o  t h e  p a r a m e t e r  fi 
i n  (¿4--1)  , i , e .  t h e  o b s e r v a t i o n s  a r e  r e p r e s e n t e d  b y  t h e  l i n e a r  
m o d e l
y i  =  +  e i  ° ( u . 2 )
I n  t h i s  c a s e  w e  c a n n o t  u s e  t h e  p r o c e d u r e  o f  t h e  p r e v i o u s  
s e c t i o n  t o  d e t e r m i n e  t h e  v a l u e  o f  fx w h i c h  m a k e s
/  I
i = l
a  m i n i m u m  b e c a u s e  o f  t h e  u n e q u a l  w e i g h t s  * T h e  f o l l o w i n g  
a p p r o a c h  l e a d s  u s  t o  a  m o r e  g e n e r a l  p r o c e d u r e  f o r  d e t e r m i n i n g  
t h e  m i n i m u m  d e v i a t i o n s  e s t i m a t o r »
¡ C a l c u l a t e  t h e  v a l u e s  -  y ^ / x ^  ( i  = 1 ,  2 ,  » » » ,  n )  a n d
a r r a n g e  t h e m  i n  a s c e n d i n g  o r d e r  o f  m a g n i t u d e  < fx^ < <■ « » <
I f  w e  s u p p o s e  t h a t  a  ~ y  /  x  i s  t h e  v a l u e  o f  a  w h i c h  m a k e s  
*  Hm m m
S a  m i n i m u m  t h e n *  s i n c e  S i s  a  c o n v e x  f u n c t i o n  o f  ¡i 9 dS /d /u
w i l l  c h a n g e  s i g n  f r o m  n e g a t i v e  t o  p o s i t i v e  a s  ¡1  i n c r e a s e s
t h r o u g h  t h e  v a l u e  ¡jl  9 T h u s  w e  m u s t  h a v e
m - 1
ô S / d iu  = x .
n
m
x i < 0  f o r  < ¡jl < ¡i.m
m n
a n d  ô S / àjj, =
r~~\
X .
1 - I x i
n + 1  -
'm+1
A c c o r d i n g l y *  i f  m i s  i n c r e a s e d  u n t i l  t h e  i n e q u a l i t y
m n
AX
| x .  I
| 11 L.j  I l  I
1  m + 1
i s  f i r s t  s a t i s f i e d  ( t h e  i n e q u a l i t y  s i g n  b e i n g  r e v e r s e  f o r
s m a l l e r  v a l u e s  o f  m ) ,  t h e n  t h i s  v a l u e  o f  m d e t e r m i n e s  
u n i q u e l y «  I f *  h o w e v e r *  w e  f i n d  t h a t *  f o r  s o m e  m ,
m
( 4 .
m n
d S / d f i  = x .l x i =  0  f o r  u  < a  < u  H n  ^ m + 1
1  m + 1
t h e n  a l l  t h e  v a l u e s  o f  u  f o r  w h i c h  ¿z ^  a  ^  t n w i l l  m a k e  Sn i l  ^  r n i + i
a  m i n i m u m «  I n  t h i s  c a s e  i n e q u a l i t y  ( i + - 3 )  i s  r e p l a c e d  b y  t h e  
e q u a l i t y
1314-
T h e  v a l u e  ¡1 -  fi  ( o r  v a l u e s  s u c h  t h a t  i n  t h e
c a s e  o f  e q u a l i t y  o f  t h e  t w o  s u m s )  w e  c a l l  t h e  w e i g h t e d  m e d i a n , ,  
F o r  i l l u s t r a t i o n  l e t  u s  c o n s i d e r  t h e  c a s e  n = 5 «  T h e  p r o c e d u r e  
i s  a s  f o l l o w s :
( i )  C a l c u l a t e  t h e  v a l u e s  ¡1 ^ =  ( i = l , . * * , 5 )  a n d  a r r a n g e  
t h e m  i n  a  c o l u m n  i n  a s c e n d i n g  o r d e r  o f  m a g n i t u d e «  S u p p o s e  * 
f o r  e x a m p l e $ t h a t
^ ^  ^ 2  ^  ^^3  *
w h e r e  t h e  s u f f i c e s  h e r e  r e f e r  t o  t h e  o r i g i n a l  o r d e r i n g  o f  t h e  
d a t a »
( i i )  A r r a n g e  t h e  a b s o l u t e  w e i g h t s  | x ^  | i n  t h e  o r d e r  
c o r r e s p o n d i n g  t o  i n  ( i ) „
( i i i )  C a l c u l a t e  t h e  c u m u l a t i v e  s u m s  ( i = l , * „ « , 5 )  i h e  
w e i g h t s  | x ^ |  f r o m  t h e  t o p  a s  t h e y  a r e  a r r a n g e d  i n  ( i i ) »
( i v )  T h e  r e q u i r e d  v a l u e  jll 9 a c c o r d i n g  t o  i n e q u a l i t y  ( U ® 3 ) 5 
c o r r e s p o n d s  t o  t h e  r o w  i  ( i = l , . 0 » , 5 )  w h i c h  f i r s t  s a t i s f i e s
S .  > X 
1
S .  , w h e r e  1 *
X =
T h u s  i f ,  f o r  e x a m p l e ,  w e  f i n d
S-,  > X — S_, , 
D D
1 * e x . X1 + % X, Xr
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t h e n  m u s t  h e  t h e  w e i g h t e d  m e d i a n  w h i c h  m a k e s  S a  m i n i m u m ,  
T h e s e  o p e r a t i o n s  a r e  s u m m a r i z e d  i n  t h e  f o l l o w i n g  t a b l e
V a l u e  o f  
¡j, i n  o r d e r
M3
M i
m2
M3
W e i g h t s
x .
1
x .
x,
1
X
h
X,
Xr
1A A'WS
S 1  =
S 2  =
S 3
x
3
X 3  +  x 1
X- X- X
U
Xr- +  Xr
X f
=  X ~ S
3
E d g e w o r t h  h a s  a p p l i e d  t h e  m e t h o d  o f  m i n i m u m  d e v i a t i o n s  
t o  l i n e a r  m o d e l s  w i t h  t w o  u n k n o w n  p a r a m e t e r s  u s i n g  a  g e o m e t r i c a l  
c o n s t r u c t i o n *  H e  c a l l s  t h e  r e q u i r e d  e s t i m a t e  ( w h i c h  h e  o b t a i n s  
a s  t h e  i n t e r s e c t i o n  p o i n t  o f  t w o  l i n e s )  t h e  d o u b l e  m e d i a n *
j
L a t e r  * i n  t h e  s a m e  j o u r n a l * E * C 0R h o d e s  ( 1 9 3 0 )  a p p l i e d  t h e  m e t h o d  ! 
t o  a  p a r a b o l a  w i t h  t h r e e  p a r a m e t e r s  b y  a  s i m p l e r  p r o c e d u r e  t h a n  
t h e  o n e  u s e d  b y  E d g e w o r t h *  R h o d e s ’ s  p r o c e d u r e  i s  b a s e d  m a i n l y  
o n  t h e  a b o v e  p r o c e d u r e  o f  d e t e r m i n i n g  t h e  w e i g h t e d  m e d i a n  s i n c e  
t h e  o p e r a t i o n  o f  d e t e r m i n i n g  t h e  d o u b l e  m e d i a n *  t r i p l e  m e d i a n *  
e t c * *  m a y  b e  r e d u c e d  t o  t h e  f o r m  (¿4. . 2 ) .
T h e  n o n - l i n e a r  c a s e  
F o r  t h e  c a s e  o f  t h e  n o n - l i n e a r  m o d e l s *  t h e  p r o c e d u r e  i s
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m o r e  c o m p l i c a t e d  t h a n  f o r  t h e  l i n e a r  c a s e  s i n c e  t h e  
c o e f f i c i e n t s  ( w e i g h t s ) d e p e n d  o n  t h e  u n k n o w n  n o n - l i n e a r  p a r a ­
m e t e r  i t s e l f  a n d *  u n l i k e  t h e  l i n e a r  e a s e *  f o r  e v e r y  d i f f e r e n t  
n o n - l i n e a r  m o d e l  w e  h a v e  t o  i n t r o d u c e  s p e c i a l  d e v i c e s  t o  d e a l  
w i t h  t h i s  s i t u a t i o n *  S i n c e  w e  a r e  i n t e r e s t e d  i n  a p p l y i n g  t h e
m e t h o d  t o  t h e  e x p o n e n t i a l  c u r v e
y i  =  +  e i  ( 4 . 4 )
w e  f i r s t  c o n s i d e r  t h e  s i m p l e  c a s e  w h e r e  t h e  o b s e r v a t i o n s  a r e  
r e p r e s e n t e d  b y  t h e  n o n - l i n e a r  m o d e l
= p1 + e± , (4.5)
w h e r e  p  i s  t h e  n o n - l i n e a r  p a r a m e t e r *  H e r e *  u n l i k e  t h e  
l i n e a r  c a s e *  t h e  f u n c t i o n
n
a  -  V I * 1  -  p 1
Z ) '
1
l / i
i s  n o t  a  c o n v e x  f u n c t i o n  o f  p  .  A t  t h e  p o i n t  p ^  =  ( y ^ )  /  *
d S / d p  h a s  a  p o s i t i v e  d i s c o n t i n u i t y  o f  2 i ( y ^ )  * a n d  i f
d S / d p  c h a n g e s  s i g n  a s  a  r e s u l t *  t h e r e  i s  a  l o c a l  m i n i m u m  a t  
t h i s  p o i n t *  T o  f i n d  t h i s  m i n i m u m *  w e  m a y  p r o c e e d  a s  f o l l o w s *  
G a l c u l a t e  t h e  v a l u e s
p ^ — ( y ^ )  ( i + l * 2 *  poo * n )
a n d  a r r a n g e  t h e m  i n  a s c e n d i n g  o r d e r  o f  m a g n i t u d e *  S u p p o s e  
t h a t  t h e  v a l u e  p  m a k e s  S a  m i n i m u m .  T h e n  w e  h a v e *  f o r
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s u f f i c i e n t l y  s m a l l  <? > 0
d S / d p  -  2^  i p 1 “ 1  -  ^  i p ^ ” 1  < 0  f o r  p  =  p m -  $
i  i
^ i ^ m
a n d
d 8/ d p  =  ' ^  i p 1 1  _  V  i p 1 1  > 0  f o r  p  =  p m + S' .
i  i
P  * ^  P m  P *i ^  P m' i  'm  1 1  nm
H e n c e  i f  m i s  a d v a n c e d  t h r o u g h  t h e  v a l u e s  m^> «*«  ?
t h e s e  b e i n g  t h e  p e r m u t a t i o n  o f  1 ,  2 9 3 » ° * * n  s u c h  t h a t
Pm < Pm < Pm < • • * a u n t i l  f i r s t  Mil- 'ixl0 ' i n  9
-L 3
)  l p m > V  x p m 5 ( i i—6 )
/ -  / L_1
i  i
p i > p n
t h i s  v a l u e  o f  m c o r r e s p o n d s  t o  t h e  m i n i m u m  f o r  S D
T h e  p r o c e d u r e  o f  d e t e r m i n i n g  t h e  d o u b l e  m e d i a n  (/§« p )  ?
i . e o  t h e  m i n i m u m  d e v i a t i o n s  e s t i m a t o r  o f  ( /39p ) w i l l  b e  b a s e d
o n . i n e q u a l i t y  ( U ® 6 )  b y  r e d u c i n g
y .  «  (Bp1  + e .  t o  t h e  e q u i v a l e n t  f o r m  y .  =  p 1 +  e .  a s  f o l l o w s «
1  1  X  X
1c
S u p p o s e  t h a t  y ^  =  (3p i s  a  g o o d  a p p r o x i m a t i o n  f o r  r e p r e s e n t i n g
1c
t h e  k t h  o b s e r v a t i o n «  T h e n  s u b s t i t u t e  (B^ -  y ,  / p  f o r  (3 i n
y ± =  j S p 1  +  e i
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and ob ta in
i ~ k
y< -  y k p  =  e. ( x 4 k )1  ~ K'~ -1
B y  e q u a t i n g  ( 4 * 7 )  t o  z e r o  w e  o b t a i n  t h e  v a l u e s  
^ k  i  s a y *  o f  p  , A r r a n g e  t h e m  i n
a s c e n d i n g  o r d e r  o f  m a g n i t u d e  a n d  s u p p o s e  t h a t  t h e  v a l u e  p^. m 
i s  t h e  o n e  w h i c h  m a k e s
( U . 7 )
S k  =
XL
i = l
i - k
a  m i n i m u m .  T h e n  a c c o r d i n g  t o  t h e  i n e q u a l i t i e s  l e a d i n g  t o  
( 4 * 6 )   ^ d S / d p  c h a n g e s  s i g n  w h e n  f i r s t
y k  i " k
i - k - 1  ^
,m yk i ~ k
i - k - 1
^k^m
,m
i
|0k 9i > '°k m
a s  m i s  a d v a n c e d  t h r o u g h  t h e  p e r m u t a t i o n  m ^ ? nv,? 
1 ? 2 9 3 ?  ooo  ?n  s u c h  t h a t
^kpm-^ <  ^ k ^ n u  < ^ k jr r w  <
o o o a o f
A s s u m i n g  > 0  9 t h i s  c o n d i t i o n  r e d u c e s  t o  :
| i - k | P k m ( 4 . 8 )
i  i
A f t e r  d e t e r m i n i n g  t h e  m i n i m i z i n g  rn a n d  t h e  a s s o c i a t e d  v a l u e
^ k  m ^ i s  w a y ? w e  r e p e a t  t h e  a b o v e  o p e r a t i o n  w i t h  ¡3^
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r e p l a c e d  b y  w h e r e  ¡3^ =  J mj p m * I n t e r c h a n g i n g  m a n d  k  i n  
t h e  f o r e g o i n g  a n a l y s i s , i f  i n e q u a l i t y  ( 4« 8) l e a d s  b a d e  t o  a n  
Pm £  =  t h e  p r e v i o u s  p^. ^  t h e n  t h e  i n t e r s e c t i o n  p o i n t  i n  t h e  
( / 3 . , p )  p l a n e  o f
y k  = # ° k  a n d  y m = ' ^ m 
w i l l  toe t h e  d o u t o l e  m e d i a n  ( / 3 , p )  =  ,  /°k O t h e r w i s e
t h e  o p e r a t i o n  i s  r e p e a t e d  u n t i l  a  n e w  v a l u e  o f  m l e a d s  b a c k  
t o  t h e  p r e v i o u s  o n e «  T h a t  t h i s  m u s t  e v e n t u a l l y  h a p p e n  
f o l l o w s  f r o m  t h e  f a c t  t h a t  s u c c e s s i v e  v a l u e s  o f  t h e  s u b - m i n i m a  
Sj  m u s t  f o r m  a  n o n - i n c r e a s i n g  s e q u e n c e .  C o n s e q u e n t l y  a  v a l u e  
o f  1c m u s t  e v e n t u a l l y  b e  a t t a i n e d  f o r  w h i c h  i s  a  g l o b a l  
m i n i m u m ,
I n  p r a c t i c a l  a p p l i c a t i o n  i t  i s  n o t  n e c e s s a r y  t o  a p p l y  t h e
t e s t  (¿4-*8) t o  t h e  v a l u e s  m =  m ^ ?  m ^ ,  *00 i n  s u c c e s s i o n
u n t i l  t h e  t e s t  i s  s a t i s f i e d »  O n e  m a y  a s s u m e  a  t r i a l  v a l u e
f o r  m a n d  c o m p u t e  t h e  c u m u l a t i v e  t o t a l s
w i t h  «  0»  I f  t h e  l e a s t  v a l u e  o f  r  f o r  w h i c h  t h e  c o n d i t i o n
^  ( U . i o )
±bo
i s  s a t i s f i e d  i s  e q u a l  t o  m ,  t h e n  t h e  t r i a l  v a l u e  i s  t h e  r i g h t  
o n e *  O t h e r w i s e  t h e  p r o c e s s  i s  r e p e a t e d ^  u s i n g  f o r  t h e  n e w  
v a l u e  o f  m t h e  v a l u e  r  j u s t  o b t a i n e d o
F o r  i l l u s t r a t i o n  w e  a p p l y  t h e  m e t h o d  t o  t h e  n u m e r i c a l  
e x a m p l e  ( l . 5 * l )  i n  c h a p t e r  1  w h e r e  t h e  o b s e r v a t i o n s  a r e
r e p r e s e n t e d  b y  t h e  n o n - l i n e a r  m o d e l
y i  =  / 3 p  +  e j_ 1 = 1 * 2 * o 0 0  ^2 0
T h e  p r o c e d u r e  a n d  t h e  w h o l e  c a l c u l a t i o n s  a r e  a l l  s h o v m  i n  t h e
f o l l o w i n g  s i x  t a b l e s *  I n  t a b l e  1  w e  s t a r t e d  w i t h  / 3 j j = y ^ / p ~ l 4 / p
a s  a  g o o d  a p p r o x i m a t i o n *  I n  c o l u m n  ( 6 )  w e  s u b s t i t u t e d  y ^  f o r  
iP l  m b e c a u s e  w e  d o  n o t  k n o w  t h e  a p p r o x i m a t e  v a l u e  o f  p*  T h i s
l e d  u s  t o
-  1 . 1 8 1
I n  t a b l e  2  w e  s u b s t i t u t e d  18 i 'o r  P  c o l u m n  ( 5 )  f o r  c h e c k i n g
a n d  t h i s  l e d  u s  t o
p -  _  w h i c h  m a k e s  1 i , m
¿ 1 , 1 8 i t s e l f , T h u s ¿1,18 i s  t h e  v a l u e  o f
‘1
20
i = l
y . y», p
i - 1
i n .  ,m a  m i n i m u m ,
I n  t h e  s e c o n d  s t a g e  w h i c h  b e g i n s  f r o m  t a b l e  3 ?  w e  s t a r t e d  w i t h
18
% 8  =  ^ i s / p 1 8  =  2 3 7 / p :
T h e  c a l c u l a t i o n s  s e t  o u t  I n  t a b l e s  3* 4*  5 ?  6* c o n s i s t  o f  
s u c c e s s i v e  a p p l i c a t i o n s  o f  f o r m u l a e  ( 4 o 9 )  a n d  ( 4 * 1 0 )  a n d  g i v e
11+1
u s ,  i n  s u c c e s s i o n ,  t h e  v a l u e s
^ 1 8 , 1 2  = 1 *l 6 °  » / ° 1 8 , 1 1  ~  1 0 1 8 8  > i ° 1 8 ,1  ~ 1 ' 1 8 1  > / ° 1 8 .1
T h u s  p-^g ^  “  1 * 1 8 1  i s  t h e  v a l u e  o f  p ^ g  ^  w h i c h  m a k e s
*18
20
i = l
i - 1 8
y i  *" y l 8  ^ 1 8  ok
1 8
a  m i n i m u m «  S i n c e  y ^  -  ¡3p l e d  u s  t o  y-^g  =  ¡3p a n d  t h e n
* rst e\J \
^ 1 8  =  &P l e ^  u s  l a c *c '*;o 3 \  - @ P  > d o u b l e  m e d i a n  \ @ ,p )  
w i l l  b e  t h e  i n t e r s e c t i o n  p o i n t  o f
1 8
y  «  /3p a n d  y l Q  a  ,
i . e .  i f i f p )  -  5 i ° i , i 8 ^
=  ( 1 1 . 8 5 4  , 1 . 1 8 1 )
t o  t h e  a c c u r a c y  o f  t h r e e  d e c i m a l  p l a c e s .
1.181.
Table I
( 1 ) ( 2)
value  
of p
(3)
p in  
order
(4) (5 )
w eights
( 6) (7 )
sums
(8)
14~(3p 0 0 1.035 |3 - i P3 2x15 30 30
18-fp 2 9 - 118~14p 1*286 1 *06? |4-X
a
p" 3x17 51 81
15-fp3 I5"X4p3 -1 1*035 X.080 |5-X p5 4x19 76 157
17-pp4- 17-14p4 -1 1*067 1*132 16—X 6P 5x26 130 287
X9~Pp5 19-14p5-1 1*080 1 .153 17—X
7
p ! 6x33
198 485
26-pp 26-14p6'*1 1* 132 1.153 18—X
8
P 7x38 266 751
33-pp7 33-14P7" 1 1*153 1*156 ¡9-X p9 8x45 360 1 1 1 1
38-pp8 38-14P8" 1 1-153 1 . 16 1 | X0-.1 10P 9x54 486 1597
45-pp9 45-I4p9_1 1 .15 6 1 ,167 I20-X 20P 19x265 5035 6632
tr * a -^0 cs  1 /  10—154~l4p 1 . 16 1 1 . 17 2 J19—1 p19 18x248 4464 11096
71-pp1 1 l i - 171~14p 1.175 1.175 |xx»x
1 1
P 10x71 710 11806
97-pp12 12 - 1  97-14p 1 1.191 1.181 i X8-X 18P 17x237 4029 15835 X8576
137-|3p13 137-14p13 - 1 1*208 I 0I86 | X7-X 16x216 3456 X4547
176-pp14 I76~X4pi4~1 x * 2x4 1.191 | X2-X
12
P 11x97 1067 XX09X
2XX-pp15 2XX-X4p15 - 1 X.2X3 1.197 |x 6 - l 16P 15 x208 3120 X0024
208-pp16 208-X4p16-1 X.X97 1.208 113-X p13 12x137 1644 6904
2X6-pp17 2X6-X4p17_1 X.X86 1.213 | X5-X p15 14x2 11 2954 5260
237-pp1S 237-X4P18" 1 X.X8X X •  2x4 | X4-1 14P 13x176 2288 2306
248-pp i9
265-Pp20
248-X4pI 9 - i
265-X4p20_1
X.X72
X.X67
X.286 | 2-X 2P 1x18 18
,_____,______
X8
1U3
Table 2
p in  
order 
(4 )
.¿..«■uv*. L. t -TV. vy, : Itmnv
w eights
(5 ) (7 )
sums
( 8)
1.035 2x1,67 3 .30 3 .3 0
1.067 3x1,95 5 ,85 9 ,15
1.080 4x 2,30 9.20 18.35
1 . 1 3 2 5x2,72 13.60 31 .95
1.153 6x3 ,2 1 19.26 5 1 .2 1
1.153 7x3,79 26,53 77 .74
1 .15 6 8x4,48 35 ,84 113.58
1 , 1 6 1 9x5,29 47.61 161.19
1.167 19x27.90 530,10 691.29
1 . 17 2 18x23.62 425 , 1 6 1116.45
1.175 10x6,24 62,40 1178.85
1.181 17x20,00 340.00 1518.85 1316.87
1.186 16x16*94 271.04 976.87
1.191 11x7.37 81 ,07 705.83
1.197 15x14.34 2 15 .10 624.76
1.208 12x8.71 104.52 409.66
1 .2 13 14x12.15 170,10 305 .14
1 .214 13x10.28 133« 64 135.04
1.286 1x1 ,^ i*
____ __________
1 »40 1.40
1
li+ u
Table  3
(2 )
values  
of p
(3 )
p in  
order
(4) ( 5 )
w eights
(6 ) (7 )
sums
(3 )
14-237p1-18 1,181 1 o 040 115 -18 p15 3x211 633 633
18-237p2"18 1.175 lo 050 | 19-18 p19 1x248 248 881
15-237p3“18 1.202 1.0 57 120-18 20P 2x265 530 1411
17-237p4 “18 1*205 1.067 | 16-18 16P 2x208 416 1827
19-237p5-18 1*213 1.077 | 14-18 pw 4x176 704 2531
26-237p6-18 1.202 1*090 117-18 p17 1 x216 216 2747
33-237p7"18 1.195 1 . 1 1 5 113-18 p13 5x137 685 3432
38-237p8-18 1.199 1 .160 112-18
12
P 6x97 582 4014
9-18  45~237p AO 1.202 1.175 | 2-18
2
P 16x18 288 3625
c / 10-18  54-237p 1.202 1.181 | 1-18 P 17x14 238 3337
71-237P11“18 1.188 1,188 111-18 11P 7x71 497 3099
97-237p12-18 1 .160 1.195 1 7-18-jp7 11x33 363 2602
137-237P13”18 1.115 1.199 | 8-18 8P 10x38 380 2239
176-237p14-18 1 .077 1*202 1 3-18 p3 15x15 225 1859
211-237p15”18 1.040 1.202 1 6-18 6P 12 x26 312 1634
208-237pl6 ~18 1.067 1.202 1 9-18 p9 9x45 405 1322
2l6-237p17-18 1 .090 1.202 | 10-18 10P 8x54 432 917
0 — 1.205 | 4-18 P4 14x17 238 485
248-237p19“18
265-237p20-18
1 .050
1 .057
1 .213 1 5-18 p5 13x19 247 247
Table  4
p in  
order 
(4)
w eights 
(5 ) (7 )
sums
(8 )
1 © 040 5x9*30 27 <.90 27.90
1*050 1x16*84 16.84 44« 74
1*057 2x19*53 39.06 83*80
1*067 2x10.80 21.60 105*40
1*077 4x8*02 32.08 137.48
1*090 1x12*52 12 .52 150*00
1* 1 15 5x6*91 34.55 184*55
1*160 6x5*96 35 .76 220.31
1*175 16x1*35 21.60 241*91
1*181 l ? x l *16 19.72 261.63
1*188 7x5 .14 3 5 .98 297.61 275*80
1*195 11x2*84 3 1 .24 239*32
1*199 10x3«29 32 .90 208*58
1*202 15x1*57 23 .55 175*68
1*202 12x2*45 29.40 152.13
1*202 9x3*82 34.38 122*73
1*202 8x4.43 3 5 .44 88.35
1*205 14 x1.82 25.48 52*91
1*215 13 x2 * 11 27.43 27*43
L— —-  !
Table  5
p in  
order
(4)
w eights
(5 )  (7 )
sums
( 8)
1*040 3x12*91 38o 73 38 .73
1*050 1x25,72 25.12 64.45
1,057 2x30*55 61*10 125.55
1*067 2x15-34 30.68 156 .23
1*077 4x10*87 43 ,48 199.71
1*090 1x18*22 18.22 217.93
1*115 5x9-15 45 ,75 263.68
l  © 160 6x7*70 46.20 309.88
1,175 16x1*41 22.56 332 .44
1.181 17x1.19 20.23 352.67 ; 348.00
1,188 7x6.65 46 .55 327.77
1,195 11x3.34 36*74 281.22
1,199 10x3*97 39*70 244*48
1*202 15 x 1.68 25*20 204.78
1*202 12x2.81 33*72 179.58
1®202 9x4*71 42 ,39 145.86
1 $ 202 8x5.60 44* 80 103.47
1*205 14x1.99 27*86 58 .67
1*213 13x2.37 30*81 30.81
■
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Table  6
p in  
order 
(4 )
w eights
( 5 ) ( 7 )
sums
(8)
X a 04-0 3x12.12 36 .36 36 .36
1*050 1x23.58 23.58 5 9 .9 4
1®057 2x27.85 55 .70 115.64
1*06? 2x14.32 2 8 ,64 144.28
1*077 4x10.27 41 .08 185.36
1*090 1x16.91 16.91 202.27
1*115 5x8.69 4 3 .45 245.72
1*160 6x7.36 4 4 .16 289.88
1*175 16x1.40 22.40 3X2.28
1*181 17x1.18 20.06 332 .34
1*188 7x6 .23 43.61 313.55
1*195 11x3.20 3 5 .20 269.94
1*199 10x3.78 37 ,80 234.74
1*202 15 x1.6 5 24.75 196.94
1*202 12x2.71 32.52 172,19
1*202 9x4.47 4 0 .23 139.67
1*202 8x5.28 4 2 .24 99 .44
1*205 14x1.95 27 .30 57 .20
1*213 13x2.30 29.90 29.90
T h e  p r o g r a m  e n t i t l e d  t h e  " M i n i m u m  D e v i a t i o n s  R e f *
1 1  /  0 0 6  /  0 0 1  /  0 1 3 "  ( s e e  A p p e n d i x  I I ) i s  w r i t t e n  i n  ALGOL 
t o  d e t e r m i n e  t h e  d o u b l e  m e d i a n  ( / 3 > p ) °  U s i n g  t h i s  m e t h o d  t h e  
s t r u c t u r e  o f  t h e  p r o g r a m  i s  h a s e d  o n  t h e  p r o c e d u r e  d i s c u s s e d  
i n  t h e  t e x t  a n d  i l l u s t r a t e d  i n  t h e  f o r e g o i n g  s i x  t a b l e s * T h e  
p r o g r a m  i s  a p p l i c a b l e  t o  a n y  s e t  o f  d a t a  a n d  t h a t  t h e  i n i t i a l  
t r i a l  v a l u e  o f  m ( d e n o t e d  b y  h  i n  t h e  p r o g r a m )  c a n  b e  a n y  
n u m b e r  b e t w e e n  1  a n d  n 9 w h e r e  11 i s  t h e  s a m p l e  s i z e »  I n  o u r  
e x a m p l e  w e  p u t  h = l ,  i # e 0 w e  s t a r t  w i t h  y-^ =  (3p  » T h e  o u t p u t  
o f  t h e  p r o g r a m  i s  s u m m a r i z e d  i n  t h e  f o l l o w i n g  t a b l e »
11+8
S t a g e V a l u e  o f  m l c , m
1 s t
1 . 1 8 1 0 5 9 5
1 . 1 8 1 0 5 9 5
1 , 1 8
1 , 1 8
2 n d
1 . 1 6 0 5 U 7 1
1 . 1 8 7 9 1 2 1
1 . 1 8 1 0 5 9 5
1 . 1 8 1 0 5 9 5
1 8 , 1 2  
1 8 , 1 1  
1 8 , 1  
1 8 , 1
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I t  i s  w o r t h w h i l e  t o  o u t l i n e  a n  a l t e r n a t i v e  p r o c e d u r e  t o  
t h a t  d e s c r i b e d  a b o v e  t o  d e t e r m i n e  t h e  d o u b l e  m e d i a n  ? p ) »
F o r  s i m p l i c i t y  l e t  u s  t a k e  n = 6 *  C o n s i d e r i n g  t h e  s i m p l e  m o d e l  
( 4 . 5 ) ?  t h e  p r o c e d u r e  i s  a s  f o l l o w s ?
1 / i
( i )  C a l c u l a t e  t h e  v a l u e s  p ^  ~  ( y ^ )  ( 1 = 1 , • • • , 6 )  a n d  a r r a n g e
t h e m  i n  a s c e n d i n g  o r d e r  o f  m a g n i t u d e »  S u p p o s e ,  f o r  e x a m p l e ,
t h e y  a r e  s u c h  t h a t
P 3  <  ^ 5  ^  ^ 2  ^ ° 4  <  ^ 1  <  P &  0
( i i )  C o m p u t e  t h e  v a l u e s  o f
d S  / d p  =  3 p 2  -  5 -  2 p  -  k p 5  -  1  -  6 p 5  a t  p  =  p 3  +  0
d S / d p  =  3 p 2  +  5 p ^  — 2 p  -  U p 3  -  1  ~  6 p 3  a t  p  =  p ^  +  0
d S / d p  = 3 p 2  +  S p ^  + 2 p  -  l+p3  -  1  -  6 p 5  a t - . p  =  p 2  +  0
O O o O O O O 6 O O P O 0 O O O ( > O O O O O t > 6  o  O O p  i  O {?
d ^ / d p  =  3 p 2  +  5 p ^  +  2 p  +  4 p ^  + 1  & t  p  a  p-^ +  0  »
T h e n  t h e  v a l u e  p  w h i c h  m i n i m i z e s  S w i l l  b e  t h e  o n e  a t  w h i c hMil
d S / d p  c h a n g e s  s i g n »
I n  t h e  g e n e r a l  c a s e  o f  t h e  m o d e l
7 t  =  BP1  + e .
w e  h a v e  s e e n  t h a t  t h e  l o c a t i o n  o f  t h e  m i n i m u m  f o r  S o n  a  
p a r t i c u l a r  c u r v e
yk  = Bp
i s  d e t e r m i n e d  b y  t h e  c h a n g e  o f  s i g n  o f  d S / d p  a l o n g  t h e  c u r v e
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a t  t h e  i n t e r s e c t i o n  p, . w i t h  t h e  o t h e r  c u r v e s .  We m a yp 1
t h e r e f o r e  u s e  t h e  f a c t  t h a t  S i s  m i n i m u m  o n  s u c h  a  c u r v e  a t  
t h e  l e a s t  v a l u e  p k  m f o r  w h i c h
n
i ^ k
i s  p o s i t i v e , w h e r e
1  l f  ** p k , i
1  p k , m  < P i c , !  '
I n  t h e  f o l l o w i n g  t a b l e s  w e  i l l u s t r a t e  t h e  p r o c e d u r e  b y
a p p l y i n g  t h e  n u m e r i c a l  e x a m p l e  ( l * 5 ° 2 )  i n  c h a p t e r  1 ,  w h e r e  t h e
o b s e r v a t i o n s  a r e  r e p r e s e n t e d  b y  t h e  m o d e l
iy*i ~  (3p + e i  ? 0  < p  < 1  ,
T h e  f i r s t  m e t h o d  g a v e
1 “ )  _  **= E  p k , i ) | i _ k |  p k , m
P=Plz.m +  0  i = l
S t a g e V a l u e  o f  p k ? m k , m
1 s t 0 . 7 7 5 9 0 7 2 1
0 . 7 7 5 9 0 7 2 1
1 , 8
1 , 8
2 n d 0 . 7 7 5 9 0 7 2 1
0 . 7 7 5 9 0 7 2 1
8 , 1
8 , 1
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i y i
( i ) ( 2)
value 
of p
(3)
p in  
order
(4)
weights
P=Pl j8  = 0.77591
(5)
dS/dp
1 100145 0 0 0.77427 1 4 -1 |p4 1.11735 )
2 78005 2-1y 2 "  y lP 0.77892 0.77481 | 10 - 1 |p 10 0.73143
‘
3 60305 y3 ~ y l p3_1 0.77600 0.77501 1 7 -1 |p 7 1.04388
4 46485 4-1y4 ~ y i p 0.77427 0.77503 | n - l | p U 0.63060 \ -f6.46207
5 36205 5-1y5 "  y lP 0.77535 0.77517 1 9-1 Ip9 0.83792
6 28275 6-1y6 “ y lP 0.77643 0.77535 1 5- 1 Ip5 I . I 5596
7 21705 7-1y? -  yxp 0.77501 0.77591 1 8 -1 |p 8 0.94493
8 16955 8-1y8 "  ylP 0.77591 0.77600 1 3 -1 |p 3 0.93426
9 13045 9-1y9 -  yxp 0.77517 0.77609 II3- I | p 0.45564
10 10085 10 -1yio “' y iP 0.77481 0.77615
11 0  1 1 12112-4 | p 0.53823
11 7835 n - iy i r  y ip 0.77503 0.77643 1 6- 1 |p 6 1.12115
12 6165 12 - 1yi2 -  yxP 0.77615 0.77661 117 - 1  Ip17 0.22016 \-5.02216
13 4782 13 - 1y13~ y lP 0.77609 0.77686
l ie  1 i 131 15 - 1  Ip 0.32004
14 3780 14-1y14~ y l p 0.77716 0.77716 114-1 Ip14 0.38298
15 2915 15 - 1y15" yiP 0.77686 0.77770 | 18-1 |p 18 0.18156
16 2249 16 -1y l6 "  y lP 0.77794 0.77794 | 16-1 |p l6 0.26610
17
18
1752
1395
17-1
y17" y lP
18-1
y18-  yxP
0.77661
0.77770
0.77892 1 2 -1 |p 2 0»60204
+1.43991
In the second method w© s ta r te d  with y^ = j3p» A fter try in g  a few va lu es of
p. from the top of column ( 3) we found that dS/6 p changed sign  a t
p, o “ 0.77591• This i s  shown in  columns (4) and (5) .  Thus in  the f i r s t* > *5 p
stage  y^ s= |3p le d  us to y^ -  (3p° e
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i y i
U ) ( 2)
value of
P
(3)
p in  
order
(4)
w eights c 
p=p8 a  = 0.77591
(5 )
5s/8p
1
2
100145
78005
1-8
y l  ~ y8p
2-8
y 2 ~ y8p
0*77591
0*77541
0.76939
0.77124
1 9 -8 ¡p9
11 0 -8 |p 10
0.10474 '
0» 16254
3 60305
3-8
y 3 ” y 8p 0*77587 0.77312 | l l - 8 | p U 0.18918
4 46485
4-8
y4  -  y8p 0*77713 0.77437 | 6 -8 |p 6 0.44846 +12.28418
5
6
36205
28275
5-8
y5 -  y 8p
6-8
y 6 '  y8p
0*77656
0.77437
0.77541
0.77587
1 2 -8 |p 2
1 3 - 8 |p 3
3.61224
2.35565
7 21705
7-8
y 7 -  y8p 0.78116 0.77591 1 1 -81P 5.43137
8 16955 0 0 0.77636 | 1 3 -8 |p 13 0.18985
9 13045 9-8y9 “ y 8P 0.76939 0.77653 | l2 - 8 |p 12 0.19572
1
10
12
13
10085
7835
6165
4782
10-8
y K f yy8p
11-8
y l l ~  y8p
12-8
y 12~ y8p
13-8
y 13" y8p
0. 77124.
0.77312
0.77653
0.77636
0.77656
0.77685
0.77709
0.77713
1 5 - 8 |p5 
| 1 6 -8 |p 16 
|1 7 - 8 |P17 
| 4 - 8 |p^
0.86697
0.14192
0.12384
1.48980
\
1 -3 .62563
14
15
3780
2915
14-8
y14~ y8p
15^8
y 15~ y3p
0.77869
0.77761
0.77761
0.77869
115-8|p 15 
| l 4 - 8 |p 14
0.16002
0.17676 \
16 2249 16-8y l6~  y8p 0.77685 0.77898 | 1 8 -8 |p 18 0.10677
17 1752 17-8y 17~ y8p 0.77709 0.78116 1 7 -8 |p 7 0.17398 /
18 1395 18-8y 13~ y8p 0.77898
;
fl •
f
- +8.65855
T h e  c a l c u l a t i o n  w a s  t h e n  r e p e a t e d ,  s t a r t i n g  w i t h  y ^  =  ,3p 
A f t e r  t r y i n g  a  f e w  v a l u e s  o f  p  f r o m  t h e  t o p  o f  c o l u m n  ( 3 ) w e  
f o u n d  t h a t  d S / d p  c h a n g e d  s i g n  a t  p g  ^  =  0 * 7 7 5 9 1 *  T h i s  i s
153
g
s h o r n  i n  c o l u m n s  (¿4.) a n d  ( 5 ) ®  S i n c e  y g  =  (3p l e d  u s  h a c k  t o  
y  =  (3p ,  w e  c o n c l u d e  t h a t  t h e  d o u b l e  m e d i a n  ( / 5 ,  p )  w h i c h  
m i n i m i z e s  S i s  t h e  i n t e r s e c t i o n  p o i n t  o f
0
y 1  ™ (Bp a n d  y g =  /3p 
w h i c h  i s  ( / ^  Q9 p-L g )  =  ( 1 2 9 0 6 7 . 8 , 0 ^ 7 7 5 9 1 ) ®
T h e  i n d i v i d u a l  a b s o l u t e  d e v i a t i o n s
i y i
m . d 7  =  129067-8
¡0 =  0 . 7 7 5 9 1
M .L #  . °  ~
Ar  =
1 2 9 2 9 2 . 5
0 . 7 7 5 4 2
*
ß p | D |
" " M i  ^  
b r | D |
1 1 0 0 1 4 5 100145 0 0 0 1 0 0 2 5 6 1 1 1
2 7 8 0 0 5 77704 301 77740 2 6 5
3 60305 60291 0 1 1 | 6 0 2 8 1 0 2 4
k 4 6 4 8 5 4 6 7 8 0 295 4 6 7 4 3 2 5 8
5 3 6 2 0 5 3 6 2 9 7 092 3 6 2 4 5 040
6 2 8 2 7 5 2 8 1 6 3 1 1 2 28105 170
7  - 2 1 7 0 5 2 1 8 5 2 11+7 2 1 7 9 3 0 8 8
8 1 6 9 5 5 1 6 9 5 5 0 0 0 1 6 8 9 9 056
9 1 3 0 4 5 1 3 1 5 5 1 1 0 13104 0 5 9
1 0 1 0 0 8 5 1 0 2 0 7 1 2 2 10161 0 7 6
1 1 7 8 3 5 7 9 1 9 081+ 7 8 7 9 0 4 4
1 2 6165 6 1 4 4 0 2 1 6 1 0 9 056
1 3 4 7 8 2 4 7 6 7 0 1 5 4 7 3 7 0 4 5
11+ 3 7 8 0 3 6 9 8 0 8 2 3 6 7 3 107
1 5 2 9 1 5 2 8 6 9 01+6 2 8 4 8 0 6 7
16 2 2 4 9 2226 0 2 3 2 2 0 8 0 4 1
1 7 1 7 5 2 1 7 2 7 025 1712 0 4 0
1 8 1 3 9 5 1 3 4 0  - 0 5 5 1 3 2 8 0 6 7
T o t a l 1 5 U U
..........................
1 6 2 4
' i
locyOOO-f
$0 /6 0 6
Pitting of the law y = /3px to a sériés 
of equi-spaced observations# Plot of 
the maximum-likelihood and the minimum- 
déviations estimâtes.
Fig. 6.
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CALCULATING UPPER AND LOWER CONFIDENCE LIMITS FOR p
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APPENDIX I
Upper Limit:
beffin integer itn;roal r,r1,Y,IC,t,Y1,L,S,a; 
read n»rtY 1IC1t>Y1;
boffin integer array y[1:n]» real A^BjCjDjE^GjH^RjrB; 
switch s:= L1;
for i:= 1 .SiSE 1 H S ^ i  » ¿2. y M  '•LI? A:=:(r-rT (n+1))/<1-r);
B;=:(rt2-rt(2*n4-2)>/a-rt2);
C:~(At2)/n; R:= B~C; DjssY^R; E:=A*K; $:=0; 
for i:= 1 stop 1 until n do 
S:= S+y[i]*rti;
F:= (S-E)f2;G:=1-(F/D); H:=Y*G/(n~2); 
L:=(tf2*H>/<Y1?2); a:=0»77592;
rl?" a-L^n+scirt(L*CCn+1)*ii(1^a)t2+2i{ia”L^C25i!n+1))) i 
r1:= r1/0~L*(n+1)); r2:= absCrl-r); print rl; 
if r2>0»COCCI then 
begin r:=r1;
goto LI
end
end
end»
Lower Limits
begin in teg er  i , n ; r e a l r ,r1 ,Y ,K ,t,Y 1  tL ,S ,a ;  
read n ,r ,Y #K ,t,Y 1 ;
begin  in teg er  array y [1 s n ] ; r e a l A^BjCjDjEjF^GjHjRyrS; 
sw itch  s:=  L I; 
fo r  i :=  1 step  1 u n t i l  n do read y [ i ] ;
LI: A *=(r-rt'<n+1))/(1*-r);
B :~ (r t2 -r f (2 * n + 2 )) /(1 ~ r t2 ) ;
C: = (A f2)/n ; R*.= B-C; D:~Y*E; E:sA*K;S:=0; 
for  i :  = 1 step  1 u n t i l  n do 
S:= S+yCi3*rti;
F :“ (S-E>t2;G :=l-CF/D); H:=Y*G/(n«2);
L: = ( t t2 * H )/CY112 >; a :«0»77592;
r 1: =a-L*n-nqr t <L* ( fn*1) * (1 -a )  12*2#a-L* (2*n*1 > ) ) i 
r l ; ~  r1/C1-L*Cn+1)>; rC:= ab s< r1-r)i p r in t r l ; 
i f  rB^G»00001 then  
begin  r j - r l ;
goto LI
end
end
end;
1 5 6
APPENDIX II 
DETERMINING THE DOUBLE MEDIAN
MINIMUM DEVIATIONS 
REF 11 COS 001 013,*
begin
in te g e r  n ,h j 
read n ,h ;
begin  array y ,r [0 sn * 1 ] ; in teg er  i»P»q;in teg er  array H[Q;1 0 0 ];sw itch  s:=L 1; 
H[l3 := h ;
fo r  i;= 1  step  1 u n t i l  n do read y [ i l ;
LI ;for  p:=2 step  1 u n t i l  100 do
begin  for  i:~ 1  step  1 u n t i l  n do 
begin  i £  i4h  then
r [ i ] : = ( y [ i3 /y [ h ] ) f ( 1 / ( i - h ) >
end;
begin  in te g er  array I[Qsn+1 ] *, in teg er  j , k ,U ;r e a l V ;sw itch ss:~L2 ; 
fo r  i:= 1  step  1 u n t i l  n do I?Ii3: ~ i ; 
fo r  k :~n~1 step  -1 u n t i l  1 do
tovnMNfeMi vwtcj ■* a p n i  W 1»  *9 mensem
begin  i f  k4h then  
begin  j:= 0;
fo r  i ; - 1  step  1 u n t i l  k do 
begin  i f  (i4h  or_ i4h-1)and r [ i ] > r [ i+ 13 then  
begin V := r[i+ 13 jrE i+1]:=r[i3;rC i3s=V ;
U ;= l[i* f13 ;I[i+ 1 ]j= lC i3 ;l[i3 ;= U ;j;= :1
end;
i f  i “h-1 and i4n-1 and r [ i ] > r [ i+ 2 3then  
begin  V :=r[i*i-23;r[i+23s=r[i3irC i3:=V ;
U $ s i[ i+ 2 ]; lC i4 ^ ]s» I t i] ;I£ i3 := U ;jS s1
end
end interchange
end;
i f  j~0 then goto L2
end;
L2:begin  array A,B,C,D[Q;n*f1 ] ;r e a l  X;
r e a l S,R,T; sw itch sss:=L3^L5,L6;
X :-Q ;B [0]:“0;D [03:=0;B [h-13 :-0;DEh-13 s=o; 
for  i  r=1 step  1 u n t i l  n do
II I I  >' C iM C4NHP»WB I n  (fraNMB#
begin  if_ i4h  then
begin  A [ i3 := a b s ( I [ i3 -h )* y [ I [ i ]3 ;
B[h3:“B [h -l3 ;
B [i]:= B [i-1 ]+ A [i3 ;
X;==X+A[i]
end
end;
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for i 2-1 step 1 until n do
begin if i+h and B[i]>X~B[i] then goto L5|
i  s=i
ond J
L5:begin R:~r[i];print R f I[i] 
end;
L3:begin S:=0;
for i:=1 step 1 until n do 
begin if i+h then
begin  C[iT? = a b s(I[ i ] « h ) * (R fI[ i  3) ; 
D[h3:=D[h~1];
D[i]:=D[i-13+C[i3;
S:=S+c[i3
end
end
end;
for i:=1 step 1 until n do 
begin if i4h and D[i]>SHD[i] then 
begin T:=r[i];
print T, I[i]; goto LG
end;
end;
L6:if T^R then 
begin
R:=T; 
goto L3
end
else
begin
HCp3:=l[i3
end;
for q:=1 step 1 until p-1 do 
begin
if H[q]= H[p] then stop 
end;
h:= H[p3; print h; goto LI
end
end
end
end
end;
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